
Nonlinearity

Nonlinearity 36 (2023) 4954–4980 https://doi.org/10.1088/1361-6544/aceccd

Analysis of travelling waves and
propagating supports for a nonlinear
model of flame propagation with a
p-Laplacian operator and advection

José Luis Díaz Palencia1,∗ and Saeed ur Rahman2

1 Department of Mathematics and Education, Universidad a Distancia de Madrid,
28400 Madrid, Spain
2 Department of Mathematics, COMSATS University Islamabad, Abbottabad
Campus, Abbottabad 22060, Pakistan

E-mail: joseluis.diaz.p@udima.es

Received 7 January 2023; revised 24 July 2023
Accepted for publication 1 August 2023
Published 11 August 2023

Recommended by Dr Anna L Mazzucato

Abstract
In this paper, we propose a new model to characterize the behaviour of a flame
driven by temperature and pressure variables. The model is formulated using a
p-Laplacian operator, an advection term, and a nonlinear reaction (considering
linear kinetics). First, the uniqueness and boundedness of the weak solutions
are demonstrated. Subsequently, traveling wave solutions supported by the
geometric perturbation theory are obtained. As a major outcome, minimum
traveling wave speeds are shown to exist, for which the associated profiles of
the solutions are purely monotonic with exponential behaviour. The assump-
tions considered in the analytical approach are further explored through a
numerical assessment, and self-similar solutions are constructed to determ-
ine the evolution of the flame front in terms of the temperature and pressure
variables.
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1. Introduction

The study of physical and chemical phenomena in spatial domains (including porous media)
has attracted interest in different fields, such as chemical kinetics, biology, transport processes,
climate change, and combustion (further details on the last two cases can be found in [1, 2],
respectively).

Particularly, the characterization of the chemical and physical properties of combustion in
porous media is a topic that attracts significant research interest. The combustion process in
porous media can be classified into three different types: rapid, spontaneous, and explosive
[3–5]. The modelling of the geometry and properties of porous media can be classified into
two general concepts. The first concept is related to consolidated and continuous porous media
(e.g. the case of non-interconnected regular channels used to support catalytic reactions);
whereas the second concept is related to the use of packed discrete elements to build the por-
ous domains (e.g. it can be observed by modelling solid porous sponges in fluid flows with a
highly developed surface area at low-pressure drops [6–10]).

The mathematical study of propagating actions in reaction-diffusion models was first intro-
duced by Kolmogorov et al [11] and Fisher [12]. The authors obtained analytical solutions to
a nonlinear parabolic equation by searching for a special type of solution known as a traveling
wave.

It is worth noting that traveling-wave solutions have been employed in several applications
involving high-porosity domains. Shchelkin [13] considered the flow of gases passing through
a tube and obtained analytical solutions for the shape of a traveling wave. Brailovsky et al
[14] considered the flow of gases through narrow pipes with large resistances and obtained
new solutions based on waves propagating at a constant speed. Subsequently, wave solutions
influenced by high-pressure and slow-spreading thermo-diffusion phenomena were reported
[15–19]. Gordon [20] characterized the quenching (decay) of solutions in a porous medium
for a flow induced under high-pressure conditions and for sufficiently small initial data.
Additionally, according to the analysis in [20], if the initial data are sufficiently large, the
quenching of the solution occurs when the speed of the propagating wave is of order ϵ3 (where
ϵ3 refers to the ratio of the specific heat and thermal diffusivity).

The authors used the following governing equations:

Tt−
(
1− 1

γ3

)
Pt = ϵ3Tzz+YΣ(T), (1.1)

Pt−Tt = Pzz, (1.2)

Yt = ϵ3(Le)
−1Yzz− γ3YΣ(T), (1.3)

where T is the normalized temperature, P is the pressure, Y is the concentration of defective
impulse (or deficient reactant), Σ(T) is the normalized reaction rate, Le is the Lewis num-
ber, γ3 > 1 is the specific heat ratio and ϵ3 is the ratio of the specific heat and the thermal
diffusivity. We remark that the equation (1.1) describes the linear energy conservation law.
Equation (1.2) describes the classical law of fluid continuity in combination with the state
equation, and equation (1.3) describes the evolution of the flame defective impulse.

Thereafter, Gordon introduced two new variables, u and v, coupled with the physical vari-
ables of temperature and pressure as follows [21]

T(z, t) = hu(z, t)+ (1− h)v(z, t), P(z, t) =
1
ϵ3

(
u(z, t)+ ϵ3v(z, t)

)
(1.4)
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where h= µ1
1−ϵ3

> 0 and µ1 =

√[(
γ3−ϵ3

)2
+4
(
γ3−1

)]
+ϵ3−γ3

2ϵ3
> 0 are the solutions for the fol-

lowing algebraic equation

(1−µ1)(γ3 + ϵ3µ1) = 1. (1.5)

After introducing the scaling z→ (1−µ)
1
2 z, the system of equations (1.1)–(1.3) becomes

∂u
∂t

=
∂2u
∂z2

+YΣ(T), (1.6)

∂v
∂t

= ϵ4
∂2v
∂z2

+YΣ(T), (1.7)

∂Y
∂t

= ϵ4((1−µ1)Le)
−1 ∂

2Y
∂z2

−YΣ(T), (1.8)

T(z, t) = hu(z, t)+ (1− h)v(z, t), (1.9)

where h ∈ (0,1] and ϵ4 = ϵ3(1−µ1)
2. Based on the physical observations of combustion and

flame propagation, it is generally considered that the ratio of thermal and pressure diffus-
ivities is small. This leads to the assumption that ϵ4 ∈ (0,1] [15]. Now, assuming Y= 1− v,
equations (1.7) and (1.8) can be shown to be identical by standard operations. In addition, if we
consider Le= Le∗ = (1−µ1)

−1, this situation resembles the case of regular thermo-diffusive
combustion, when the Lewis number equals unity. Further, when Y= 1− v, equations (1.6)–
(1.9) become

∂u
∂t

=
∂2u
∂z2

+(1− v)Σ(w), (1.10)

∂v
∂t

= ϵ4
∂2v
∂z2

+(1− v)Σ(w), (1.11)

w(z, t) = hu(z, t)+ (1− h)v(z, t). (1.12)

This last set of equations can be expressed in terms of linear kinetics as follows, Σ(w) = w
[22].

Note that if we set h= 0, equation (1.11) describes the classical Kolmogorov-Petrovskii-
Piskunov (KPP)-Fisher model [12]. For h= 1, the above system was discussed by Billingham
and Needham [23] to model unequal diffusion and travelling waves in quadratic and cubic
autocatalysis.

As an alternative to the previously discussed models (but strongly influenced by them),
we introduce a p-Laplacian operator to enhance the generalization of the diffusive term in
equations (1.10)–(1.12), such that it can be applied to a wide range of diffusion driven domains
(including porous media). To further justify the use of a p-Laplacian rather than the classical
second-order Laplacian, we recall that the shear stresses in a fluid are described by a rela-
tionship involving the relative motion between adjacent fluid layers. These relations may be
represented by a linear term (leading to the so call Newtonian fluids). However, in general, we
can consider that shear stress is expressed as a relation of the form |∇U|p−2, where U is any
open fluid velocity profile and p ∈ R is introduced to consider a general form of fluid relative
motion. Notably, for p< 2, the fluid is typically non-viscous (e.g. volatile gases, super-flowing
fluids and unsaturated flows). For p= 2, we introduce the case of a linear relation leading to
Newtonian fluids (mono-phase water and air flows), whereas for p> 2 the flow occurs under
relatively high viscosity condition (oils, sand beds or porous medium flow). When considering
such a term |∇U|p−2, for the description of the shear stress effects in a flow and performing
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standard well documented operations, the equation of fluid momentum can be expressed as a
p-Laplacian operator, as considered in our modelling baseline.

To the best of the authors’ knowledge, the use of a p-Laplacian operator in flame propaga-
tion has not been reported. Nonetheless, this operator has been employed in liquid filtration
theory in porous media. Smreker introduced a p-Laplacian term to increase the accuracy of
the classical Darcy’s law, which is often employed to model flows in porous domains [24,
25]. To further support Smreker’s theoretical work, Missbach made relevant contributions to
the experimental study [26] and promoted the determination of particular values of p. At this
point, we emphasize that our idea is similar to that of Smreker, who first introduced math-
ematical analyses that can support experimental results related to finding specific values of
p. However, we introduce the p-Laplacian operator because of certain physical implications
linked with p-Laplacian mathematical properties that aid in modelling flame propagation. We
are particularly concerned with the fact that the p-Laplacian preserves energy during propaga-
tion and compact support for any given compactly supported initial distribution. Several dis-
cussions in this regard, along with applications of the p-Laplacian operator, can be found in the
literature [27–30]. In addition, we introduce an advection term tomodel the possible influences
of a backflow in the domain that can affect the evolution of temperature- and pressure-driven
flames ([31, 32] presents additional insights into the influences of the advection terms on the
flame propagation and burning velocities). Based on the previous discussion, we introduce the
p-Laplacian operator and advection term as follows:

∂u
∂t

=
∂

∂z

(∣∣∣∣∂u∂z
∣∣∣∣p−2

∂u
∂z

)
+ c1

∂u
∂z

+(1− v)w

∂v
∂t

=
∂

∂z

(∣∣∣∣∂v∂z
∣∣∣∣p−2

∂v
∂z

)
+ c1

∂v
∂z

+(1− v)w

w(z, t) = hu(z, t)+ (1− h)v(z, t), (1.13)

where z ∈ R, p> 2 (this is typically the case of high resistance propagation effects such as
in porous domains), c1 ∈ R is the advection coefficient, and h ∈ (0,1]. The initial conditions
are positive u(z,0) = u0(z)> 0, v(z,0) = v0(z)> 0, and comply with a decaying condition at
z→∞, such that |u0|, |u ′

0| and |u ′ ′
0 | (similar for v0) tend to zero. In our analysis, we take ϵ4 = 1

for simplicity and no loss of generality.
To the best of our knowledge, the system defined in equation (1.13) has not been previ-

ously considered in the literature. Hence, we first introduce our analysis of the boundedness
and uniqueness of weak solutions. Subsequently, we introduce the principles for discussing
the stability of the critical point of the system. For this purpose, we converted our system
into travelling waves and applied topological concepts in phase space. We applied a singular
perturbation procedure, generally known as the geometric perturbation theory, to obtain ana-
lytical forms of travelling wave profiles. Further, we complemented these assessments with a
numerical approach to examine the consistency of the analytical conception. Eventually, we
used self-similar solutions to obtain analytical expressions for the solutions and propagating
supports in the flame.

2. Previous results

To prove our results, we first require propositions 1 and 2 to be defined. Proposition 1 is adap-
ted from [16, 27, 28], whereas proposition 2 requires additional proofs. Note that result 1 in
[27] was provided for growing functions, and they were not Lebesgue integrable in space. In
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addition, a norm was provided for measuring the growing condition of the solution trace (this
actually provided the conditions to state whether solutions existed globally). The norm was
expressed as follows (refer to equation (2.2) in [27]):

|||G|||ρ = sup
R⩾ρ

R−λ

ˆ
BR(0)

|G|dz, λ= 1+
p

p− 2
. (2.1)

With no loss of generality, and to make our assessments tractable, we assume that ρ= 1
in equation (2.1). We remark that given any ρ> 0, it holds that |||G|||ρ <∞ if and only if
for certain ρ0 > 0, |||G|||ρ0 <∞ (see p 176 in [16]). If G ∈ L1(R), it is easy to verify that
|||G|||ρ ⩽ ||G||1 for R⩾ 1. Based on this, we adjust result 1 of [27] and theorem 2.2.3 in [16]
as the following proposition.

Proposition 1. Assuming that w01(x) ∈ L1(Rd), d⩾ 1, there exist weak solutions for the

homogeneous p-Laplacian equation ∂w1
∂t =∇·

(
|∇w1|p−2∇w1

)
in the waiting time interval

0< t⩽ T(w01) where

T(w01) = E1(d,p)|||w01|||−(p−2)
1 . (2.2)

In the finite domain BR(0), the following relations hold:

|||w1(·, t)|||1 ⩽ E2(d,p)|||w01|||1 ⩽ E2(d,p)||w01||1, (2.3)

|w1(x, t)|⩽ E3(d,p)t
−a1Rp(p−2)|||w01|||

pa1
d

1 ⩽ E3(d,p)t
−a1Rp(p−2)||w01||

pa1
d

1 , |x|⩽ R, (2.4)

|∇w1(x, t)|⩽ E4(d,p)t
− (d+1)a1

d R
2

p−2 |||w01|||
2a1
d

1 ⩽ E4(d,p)t
− (d+1)a1

d R
2

p−2 ||w01||
2a1
d

1 , |x|⩽ R,

(2.5)

where a1 = (p− 2+ p
d )

−1 assuming that |||w01|||1 ⩾ 1. Note that ||w01||1 was assessed
in BR(0) satisfying ||w01||L1(BR(0)) ⩾ 1, R⩾ 1. Additional information regarding constants
E1,E2,E3 and E4 can be found in [27] and theorem 2.2.3 in [16].

The following proposition considers particular forms of the upper bounds for the solutions
to equation (1.13). We provide specific forms of the upper and monotonic bounds that comple-
ment the general ideas introduced in [27, 28]. Specifically, we attempt to obtain these bounds
in the case of predominant advection such that the postulated transport equations can be solved
using standard techniques. To prove that the suggested functions are indeed upper bounds to
the solutions of equation (1.13), we require additional justifications.

Proposition 2. The following expressions represent two upper bounds of solutions for the
case of predominant advection, compared with the p-Laplacian term, for the system in
equation (1.13):

u(z, t) = u0(z+ c1t)e
(h+1)t+

1
1+ h

e−k1(z+c1t)
(
e(h+1)t− 1

)
, (2.6)

and

v(z, t) = v0(z+ c1t)e
(h+1)t+

h
1+ h

e−k1(z+c1t)
(
e(h+1)t− 1

)
, (2.7)

where k1 > 0.

Proof. We aim to determine two bounding functions based on the transport equation of
system (1.13). We assume that advection terms are predominant over diffusion-driven
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terms, ∂
∂z (|

∂u
∂z |

p−2 ∂u
∂z )≪ c1 ∂u∂z ,

∂
∂z (|

∂v
∂z |

p−2 ∂v
∂z )≪ c1 ∂v∂z . Hence, we considered the following

equations:

∂u
∂t

= c1
∂u
∂z

+
(
1− v

)
w

∂v
∂t

= c1
∂v
∂z

+
(
1− v

)
w

w= hu+(1− h)v. (2.8)

Because u, v and w are considered positive solutions, we introduce the following ideas in the
search for an upper evolution:

∂u
∂t

= c1
∂u
∂z

+w− vw⩽ c1
∂u
∂z

+w

∂v
∂t

= c1
∂v
∂z

+w− vw⩽ c1
∂v
∂z

+w

w⩽ hu+ v. (2.9)

By changing the notation, such that u1 and v1 represent the functions that provide the upper
boundedness of any solution to equation (2.8), we have

∂u1
∂t

= c1
∂u1
∂z

+ hu1 + v1, (2.10)

∂v1
∂t

= c1
∂v1
∂z

+ hu1 + v1, (2.11)

with the same initial conditions as given for the system presented in equation (1.13).
Subtracting equation (2.11) from equation (2.10) and making f(z, t) = u1(z, t)− v1(z, t), we

obtain

∂f
∂t

= c1
∂f
∂z
. (2.12)

After solving by standard separation of variables, we obtain

f(z, t) = e−k1(z+c1t), (2.13)

where k1 > 0. Inserting v1(z, t) = u1(z, t)− e−k1(z+c1t) into equation (2.10) and u1(z, t) =
v1(z, t)+ e−k1(z+c1t) into equation (2.11), we obtain

∂u1
∂t

= c1
∂u1
∂z

+(h+ 1)u1 − e−k1(z+c1t), (2.14)

∂v1
∂t

= c1
∂v1
∂z

+(h+ 1)v1 + he−k1(z+c1t). (2.15)

To determine the solution to equation (2.15), we consider the following characteristic changes
S= z+ c1t and τ = t− c1z. Subsequently, we obtain

(1+ c21)
∂u1
∂τ

− (h+ 1)u1 =−e−k1S. (2.16)

After solving equation (2.16), we obtain

u1(S, τ) = F(S)e
h+1
1+c21

τ
+

1
1+ h

e−k1S, (2.17)
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which implies that

u1(z, t) = F(z+ c1t)e
h+1
1+c21

(t−c1z)
+

1
1+ h

e−k1(z+c1t), (2.18)

where F(z+ c1t) is an arbitrary function determined using the initial conditions. Substituting
the value F(z+ c1t) into equation (2.18), we obtain

u1(z, t) = u0(z+ c1t)e
(h+1)t− 1

1+ h
e−k1(z+c1t)

(
e(h+1)t− 1

)
. (2.19)

Similarly, the solution to equation (2.15) is

v1(z, t) = v0(z+ c1t)e
(h+1)t+

h
1+ h

e−k1(z+c1t)
(
e(h+1)t− 1

)
. (2.20)

We now prove that equations (2.19) and (2.20) are the upper bounds of any solution to
equation (1.13). This can be achieved via direct substitution in equation (1.13) and performing
standard operations.

In addition, we show that the hypothesis ∂
∂z

(∣∣∂u
∂z

∣∣p−2 ∂u
∂z

)
≪ c1 ∂u∂z ,

∂
∂z

(∣∣∂v
∂z

∣∣p−2 ∂v
∂z

)
≪ c1 ∂v∂z

is supported. Thus,

u ′ ′
0 (z+ c1t)⩽

k21
1+ h

e−k1(z+c1t)
(
1− e−(h+1)t

)
, (2.21)

and

v ′ ′0 (z+ c1t)⩽
k21

1+ h
e−k1(z+c1t)

(
2+ h− e−(h+1)t

)
, (2.22)

leading to state that ∂
∂z (|

∂u
∂z |

p−2 ∂u
∂z )≪ c1 ∂u∂z and ∂

∂z (|
∂v
∂z |

p−2 ∂v
∂z )≪ c1 ∂v∂z , for any value of c1

assumed as arbitrarily large to maintain the mentioned orders.

3. On existence and uniqueness

This section analyses the existence and uniqueness of the solutions to the system of
equation (1.13). First, we introduce the following results:

Theorem 1. Suppose that, if u(z, t)⩾ 0 and v(z, t)⩾ 0 are the weak solutions of (1.13), then
these solutions are bounded on Br× (0,T], where the ball Br = {z ∈ R; |z|⩽ r} ∈ R (it can be
identified with the ball BR(0) in proposition 1; however, we prefer to retain notation Br for
clarity), with 0< r<∞, and 0< T<∞.

Proof. First, let us consider a test function complying with ϕ1 ∈ C∞([0,T]×Br)∩
L∞([0,T],W1,p(Br)). Then, for 0< t⩽ T, the weak formulation of equation (1.13) is
expressed as:

ˆ
Br

u(t)ϕ1(t) =
ˆ
Br

u(0)ϕ1(0)+
ˆ t

0

ˆ
Br

(
u
∂ϕ1
∂s

−
∣∣∣∣∂u∂z

∣∣∣∣p−1
∂ϕ1
∂z

− u
∂ϕ1
∂z

+
(
1− v

)
ϕ1w

)
ds,

(3.1)
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ˆ
Br

v(t)ϕ1(t) =
ˆ
Br

v(0)ϕ1(0)+
ˆ t

0

ˆ
Br

(
v
∂ϕ1
∂s

−
∣∣∣∣∂v∂z

∣∣∣∣p−1
∂ϕ1
∂z

− v
∂ϕ1
∂z

+
(
1− v

)
ϕ1w

)
ds.

(3.2)

To show the boundedness of weak solutions to equation (1.13), we must show that the
following evolution problem (denoted as Pϕ1) is bounded as well:

u
∂ϕ1
∂t

−
∣∣∣∣∂u∂z

∣∣∣∣p−1
∂ϕ1
∂z

− u
∂ϕ1
∂z

+
(
1− v

)
ϕ1w= 0, (3.3)

v
∂ϕ1
∂t

−
∣∣∣∣∂v∂z

∣∣∣∣p−1
∂ϕ1
∂z

− v
∂ϕ1
∂z

+
(
1− v

)
ϕ1w, (3.4)

wherein a particular form of a test function is defined as:

ϕ1(z, t) =
e−k2(t)

(1+ |z|2)k3
, (3.5)

where k2(t)⩾ 0 is a continuous function and k3 > 0 is a constant that will be specified later in
our arguments.

Now, we consider a cut off function (ψλ1), with λ1 ∈ R+ [33] of the form:

ψλ1 ∈ C∞
0 (z, t), 0⩽ ψλ1 ⩽ 1,

ψλ1 = 1for z ∈ Br−λ1and ψλ1 = 0for z ∈ {R−Br−λ1}. (3.6)

Then, we obtain

|∇ψλ1 |⩽
E5

λ1
, |∆ψλ1 |⩽

E5

λ21
, (3.7)

where E5 > 0. Multiplying equations (3.3) and (3.4) by ψλ1 , the following hold for (z, t) ∈
Br× [0, t] with 0< t⩽ T :

ˆ t

0

ˆ
Br

u
∂ϕ1
∂t

ψλ1 =

ˆ t

0

ˆ
Br

(∣∣∣∂u
∂z

∣∣∣p−1 ∂ϕ1
∂z

ψλ1 − u
∂ϕ1
∂z

ψλ1 −
(
1− v

)
ϕ1wψλ1

)
ds, (3.8)

ˆ t

0

ˆ
Br

v
∂ϕ1
∂t

ψλ1 =

ˆ t

0

ˆ
Br

(∣∣∣∂v
∂z

∣∣∣p−1 ∂ϕ1
∂z

ψλ1 − v
∂ϕ1
∂z

ψλ1 −
(
1− v

)
ϕ1wψλ1

)
ds, (3.9)

where ϕ1,
∂ϕ1
∂t and ψλ1 approach to zero at z→∞.

Now, our objective is to apply the defined test function (3.5) and propositions 1 and 2
to exhibit the boundedness of the integrals

´ t
0

´
Br
u∂ϕ1

∂t ψλ1 and
´ t
0

´
Br
v∂ϕ1

∂t ψλ1 . The integrals
involved in equations (3.8) and (3.9) can be evaluated as

ˆ t

0

ˆ
Br

∣∣∣∣∂u∂z
∣∣∣∣p−1

∂ϕ1
∂z

ψλ1ds⩽
ˆ t

0

ˆ
Br

(
Ep−1
4 s−2a1(p−1)|z|2+

2
p−2 ∥u0∥2a1(p−1)

1

+
(
u0(z+ c1s)e

(h+1)s+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

))p−1)2| − k3||z|e−k2(s)

(1+ |z|2)k3+1
ψλ1ds
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⩽
ˆ t

0

ˆ
Br

(
Ep−1
4 s−2a1(p−1)|z|1+

2
p−2−2k3 ∥u0∥2a1(p−1)

1

+
(
u0(z+ c1s)e

(h+1)s+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

))p−1
z−1−2k3

)
2k3e

−k2(s)ψλ1ds

⩽
ˆ t

0

ˆ
Br

(
Ep−1
4 s−2a1(p−1)|z|1+

2
p−2−2k3 ∥u0∥2a1(p−1)

1

+
(
u0(z+ c1s)e

(h+1)s+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

))p−1
z−1−2k3

)
2k3e

−k2(s)E5

λ1
ds

⩽
ˆ t

0

ˆ
Br

(
Ep−1
4 s−2a1(p−1)|z|

2
p−2−2k3 ∥u0∥2a1(p−1)

1

+
(
u0(z+ c1s)e

(h+1)s+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

))p−1
z−2−2k3

)
2E5k3e

−k2(t)ds. (3.10)

Considering k3 ⩾ 1
p−2 = k4, the above expression converges asymptotically. With asymp-

totic convergence, we find that, for z≫ 1 (r≫ 1) and finite, the integral approaches zero.
Similarly

ˆ t

0

ˆ
Br

∣∣∣∣∂v∂z
∣∣∣∣p−1

∂ϕ1
∂z

ψλ1ds⩽
ˆ t

0

ˆ
Br

(
Ep−1
4 s−2a1(p−1)|z|

2
p−2−2k3 ∥u0∥2a1(p−1)

1

+
(
v0(z+ c1s)e

(h+1)s− h
1+ h

e−k1(z+c1s)
(
e(h+1)s− 1

))p−1
z−2−2k3

)
2E5k3e

−k2(s)ds, (3.11)

which is asymptotically convergent if k3 ⩾ 1
p−2 = k5. The second integral on the right hand

side of equation (3.8) is assessed as

−
ˆ t

0

ˆ
Br

u
∂ϕ1
∂z

ψλ1ds⩽
ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2) ∥u0∥pa11 + u0(z+ c1s)e
(h+1)s

+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

))2| − k3||z|e−k2(s)

(1+ |z|2)k3+1
ψλ1ds

⩽
ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2)−2k3−1 ∥u0∥pa11 + u0(z+ c1s)e
(h+1)s

+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)
z−1−2k3

)
2k3e

−k2(s)ψλ1ds

⩽
ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2)−2k3−1 ∥u0∥pa11 + u0(z+ c1s)e
(h+1)s

+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)
z−1−2k3

)
2k3e

−k2(s)E5

λ1
ds

⩽
ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2)−2k3−2 ∥u0∥pa11 + u0(z+ c1s)e
(h+1)s

+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)
z−2−2k3

)
2E5k3e

−k2(t)ds. (3.12)

With the choice of k3 ⩾−1= k6, the above integral converges asymptotically.
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Similar to the previous case,

−
ˆ t

0

ˆ
Br

v
∂ϕ1
∂z

ψλ1ds⩽
ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2)−2k3−2 ∥v0∥pa11

+ v0(z+ c1s)e
(h+1)s+

1
1+ h

e−k1(z+c1s)
(
e(h+1)s− 1

)
z−2−2k3

)
2E5k3e

−k2(t)ds, (3.13)

which converges asymptotically if k3 ⩾−1= k6.
An assessment of the last integrals in equations (3.8) and (3.9) is expressed as follows:

ˆ t

0

ˆ
Br

(
1− v)

)
wϕ1ψλ1ds⩽

ˆ t

0

ˆ
Br

wϕ1ψλ1ds

⩽ h
ˆ t

0

ˆ
Br

uϕ1ψλ1ds+
ˆ t

0

ˆ
Br

vϕ1ψλ1ds

⩽ h
ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2) ∥u0∥pa11 + u0(z+ c1s)e
(h+1)s

+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)) e−k2(s)

(1+ |z|2)k3
ψλ1ds

+

ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2) ∥v0∥pa11 + v0(z+ c1s)e
(h+1)s

+
h

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)) e−k2(s)

(1+ |z|2)k3
ψλ1ds

⩽ h
ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2)−2k3 ∥u0∥pa11 + u0(z+ c1s)e
(h+1)s

+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)
z−2k3

)
e−k2(s)ψλ1ds

+

ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2)−2k3 ∥v0∥pa11 + v0(z+ c1s)e
(h+1)s

+
1

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)
z−2k3

)
e−k2(s)ψλ1ds

⩽ h
ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2)−2k3 ∥u0∥pa11 + u0(z+ c1s)e
(h+1)s

+
h

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)
z−2k3

)
e−k2(s)E5

λ1
ds

+

ˆ t

0

ˆ
Br

(
E3s

−a1 |z|p(p−2)−2k3 ∥v0∥pa11 + v0(z+ c1s)e
(h+1)s

+
h

1+ h
e−k1(z+c1s)

(
e(h+1)s− 1

)
z−2k3

)
e−k2(s)E5

λ1
ds. (3.14)

The integrals are asymptotically convergent in equation (3.14) if k3 ⩾− 1
2 = k7.

In conclusion, we state that the integrals given in the set of equations (3.10)–(3.14) converge
if we select

k3 ⩾max(k4,k5,k6,k7) . (3.15)
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Combining equations (3.8)–(3.15) while rendering r≫ 1 and finite, we obtain

0⩽
ˆ t

0

ˆ
Br→∞

u
∂ϕ1
∂s

ψλ1 ⩽M+
u , (3.16)

0⩽
ˆ t

0

ˆ
Br→∞

v
∂ϕ1
∂s

ψλ1 ⩽M+
v , (3.17)

whereM+
u andM+

v are two positive constants that exist given the asymptotic convergence for
each integral. Because the test function ϕ1 is bounded, and after substituting equations (3.16)
and (3.17) into (3.1) and (3.2) respectively, we conclude that the solutions u and v are bounded
in (0,T]×Br.

The next goal is to show that any solution to equation (1.13) is unique. For this purpose,
we consider an approach based on the coincidence of a pair of upper and lower solutions.
The concepts of the upper and lower solutions used in the following theorem are based on the
classical text [34].

Theorem 2. Assuming that there exists a pair of positive lower solutions for equation (1.13)
as (u(z, t),v(z, t))⩾ 0, this pair of solutions coincides with that of the upper solutions
(ū(z, t), v̄(z, t)) in Br× (0,T], where r≫ 1, Br ∈ R is the classical ball and 0< T<∞. This
implies that any pair of solutions to equation (1.13) in Br× (0,T] is unique.

Proof. A pair of upper solutions to equation (1.13), ū and v̄, is constructed with a parameter
ϵ> 0 such that the upper solutions depart from the following initial data as follows

ū(z,0) = u0(z)+ ϵ, v̄(z,0) = v0(z)+ ϵ. (3.18)

The construction of the upper solutions can be justified based on the monotonic properties
of the p-Laplacian operator. Additionally, the following equations satisfy the initial conditions:

∂

∂z

(∣∣∣∣∂u0∂z
∣∣∣∣p−2

∂u0
∂z

)
+ c1

∂u0
∂z

+(1− v0 − ϵ)
(
hu0 +

(
1− h

)
v0 + ϵ

)
= 0, (3.19)

∂

∂z

(∣∣∣∣∂v0∂z
∣∣∣∣p−2

∂v0
∂z

)
+ c1

∂v0
∂z

+(1− v0 − ϵ)
(
hu0 +

(
1− h

)
v0 + ϵ

)
= 0. (3.20)

As mentioned previously, |u0| → 0+, |u ′
0| → 0+ and |u ′ ′

0 | → 0+ (similar situation for v0)
for z≫ 1. Then, considering only the leading terms, the following condition is obtained for
the selection of an adequate ϵ> 0:

ϵ=max{1+ ∥v0∥∞ , h∥u0∥∞ +(1+ h)∥v0∥∞}. (3.21)

Note that u and v refer to the lower solutions of equation (1.13) with

u(z,0) = u0(z), v(z,0) = v0(z). (3.22)

This is based on the assumption that

ϕ1(x, t) =
e−k8s

(1+ |z|2)k3
, (3.23)
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where ϕ1 ∈ C∞ × [0,T] is the particular form of a test function. Further, the following assess-
ments hold

ˆ
Br

ū(t)ϕ1(t) =
ˆ
Br

ū(0)ϕ1(0)+
ˆ t

0

ˆ
Br

(
ū
∂ϕ1
∂s

−
∣∣∣∣∂ū∂z

∣∣∣∣p−1
∂ϕ1
∂z

− c1ū
∂ϕ1
∂z

+
(
1− v̄

)
ϕ1w̄

)
ds,

(3.24)

ˆ
Br

v̄(t)ϕ1(t) =
ˆ
Br

v̄(0)ϕ1(0)+
ˆ t

0

ˆ
Br

(
v̄
∂ϕ1
∂s

−
∣∣∣∣∂v̄∂z

∣∣∣∣p−1
∂ϕ1
∂z

− c1v̄
∂ϕ1
∂z

+
(
1− v̄

)
ϕ1w̄

)
ds,

(3.25)

ˆ
Br

u(t)ϕ1(t) =
ˆ
Br

u(0)ϕ1(0)+
ˆ t

0

ˆ
Br

(
u
∂ϕ1
∂s

−
∣∣∣∣∂u∂z

∣∣∣∣p−1
∂ϕ1
∂z

− c1u
∂ϕ1
∂z

+
(
1− v

)
ϕ1w

)
ds,

(3.26)

ˆ
Br

v(t)ϕ1(t) =
ˆ
Br

v(0)ϕ1(0)+
ˆ t

0

ˆ
Br

(
v
∂ϕ1
∂s

−
∣∣∣∣∂v∂z

∣∣∣∣p−1
∂ϕ1
∂z

− c1v
∂ϕ1
∂z

+
(
1− v

)
ϕ1w

)
ds.

(3.27)

Similar to theorem 1, the following assessments hold based on a procedure similar to that
discussed previously:

ˆ t

0

ˆ
Br

∣∣∣∣∂ū∂z
∣∣∣∣p−1

∂ϕ1
∂z

ds= C1,

ˆ t

0

ˆ
Br

∣∣∣∣∂v̄∂z
∣∣∣∣p−1

∂ϕ1
∂z

ds= C2,

ˆ t

0

ˆ
Br

∣∣∣∣∂u∂z
∣∣∣∣p−1

∂ϕ1
∂z

ds= C3,

ˆ t

0

ˆ
Br

∣∣∣∣∂v∂z
∣∣∣∣p−1

∂ϕ1
∂z

ds= C4,

ˆ t

0

ˆ
Br

ū
∂ϕ1
∂z

ds= C5

ˆ t

0

ˆ
Br

v̄
∂ϕ1
∂z

ds= C6

ˆ t

0

ˆ
Br

u
∂ϕ1
∂z

ds= C7

ˆ t

0

ˆ
Br

v
∂ϕ1
∂z

ds= C8, (3.28)

where Ci; i = 1,2, . . .8 are constants. In addition

ˆ t

0

ˆ
Br

(
1− v̄

)
w̄ϕ1ds⩽

ˆ t

0

ˆ
Br

w̄ϕ1ds⩽ h
ˆ t

0

ˆ
Br

ūϕ1ds+
ˆ t

0

ˆ
Br

v̄ϕ1ds,

(3.29)

ˆ t

0

ˆ
Br

(
1− v

)
wϕ1ds⩽

ˆ t

0

ˆ
Br

wϕ1ds⩽ h
ˆ t

0

ˆ
Br

uϕ1ds+
ˆ t

0

ˆ
Br

vϕ1ds.

(3.30)

Using equations (3.28)–(3.30), equations (3.24)–(3.27) become

4965



Nonlinearity 36 (2023) 4954 J L Díaz Palencia and S U Rahman

ˆ
Br

ū(t)ϕ1(t)⩽
ˆ
Br

ū(0)ϕ1(0)+
ˆ t

0

ˆ
Br

ū
∂ϕ1
∂s

ds+ h
ˆ t

0

ˆ
Br

ūϕ1ds+
ˆ t

0

ˆ
Br

v̄ϕ1ds+C9,

(3.31)

ˆ
Br

v̄(t)ϕ1(t)⩽
ˆ
Br

v̄(0)ϕ1(0)+
ˆ t

0

ˆ
Br

v̄
∂ϕ1
∂s

ds+ h
ˆ t

0

ˆ
Br

ūϕ1ds+
ˆ t

0

ˆ
Br

v̄ϕ1ds+C10,

(3.32)

where C9 = C1 +C5 and C10 = C2 +C6,

ˆ
Br

u(t)ϕ1(t)⩽
ˆ
Br

u(0)ϕ1(0)+
ˆ t

0

ˆ
Br

u
∂ϕ1
∂s

ds+ h
ˆ t

0

ˆ
Br

uϕ1ds+
ˆ t

0

ˆ
Br

vϕ1ds+C11,

(3.33)

ˆ
Br

v(t)ϕ1(t)⩽
ˆ
Br

v(0)ϕ1(0)+
ˆ t

0

ˆ
Br

v
∂ϕ1
∂s

ds+ h
ˆ t

0

ˆ
Br

uϕ1ds+
ˆ t

0

ˆ
Br

vϕ1ds+C12,

(3.34)

whereC11 = C3 +C7 andC12 = C4 +C8.On subtracting equation (3.33) from equation (3.31)
and equation (3.34) from equation (3.32) and further using equation (3.23) with ϵ→ 0, we
obtain
ˆ
Br

(
ū(t)− u(t)

)
ϕ1(t)⩽−k8

ˆ t

0

ˆ
Br

(
ū− u

)
ϕ1ds+ h

ˆ t

0

ˆ
Br

(
ū− u

)
ϕ1ds

+

ˆ t

0

ˆ
Br

(
v̄− v

)
ϕ1ds, (3.35)

ˆ
Br

(
v̄(t)− v(t)

)
ϕ1(t)⩽−k8

ˆ t

0

ˆ
Br

(
v̄− v

)
ϕ1ds+ h

ˆ t

0

ˆ
Br

(
ū− u

)
ϕ1ds

+

ˆ t

0

ˆ
Br

(
v̄− v

)
ϕ1ds. (3.36)

Given that k8 > 0, the following holds

−k8
(
ū− u

)
ϕ1 ⩽ 0 and− k8

(
v̄− v

)
ϕ1 ⩽ 0. (3.37)

On differentiating equations (3.35) and (3.36) with respect to t and then subtracting, we
obtain

d
dt

(ˆ
Br

(
ū(t)− u(t)

)
ϕ1(t)−

ˆ
Br

(
v̄(t)− v(t)

)
ϕ1(t)

)
⩽ 0, (3.38)

where we used equation (3.37). Consequently, applying the Gronwall inequality, we obtain
ˆ
Br

(
ū(t)− u(t)

)
ϕ1(t)−

ˆ
Br

(
v̄(t)− v(t)

)
ϕ1(t)

⩽
ˆ
Br

(
ū(0)− u(0)

)
ϕ1(0)−

ˆ
Br

(
v̄(0)− v(0)

)
ϕ1(0). (3.39)
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After using the initial conditions expressed in equations (3.18) and (3.22), the following assess-
ment holds: ˆ

Br

(
ū(t)− u(t)

)
ϕ1(t)−

ˆ
Br

(
v̄(t)− v(t)

)
ϕ1(t)⩽ 2ϵ, (3.40)

where ϵ can be considered as sufficiently small such that

ū(t)− u(t)∼ v̄(t)− v(t)→ 0. (3.41)

This implies that ū→ u, v̄→ v, thus confirming the asymptotic uniqueness of any solution to
equation (1.13).

4. Travelling waves analysis

The theory of travelling waves is used in this section to obtain the profiles of the solutions
for the problem in equation (1.13). For this objective, we consider the changes u(z, t) = F1(η)
and v(z, t) = F2(η) with η = z− c2t ∈ (0,∞), where c2 is the speed of propagation, which is
considered common for both forms of travelling wave solutions. The above mentioned travel-
ling wave profiles are provided as functions F1 : (0,∞)→ (0,∞) and F2 : (0,∞)→ (0,∞).
Considering the boundedness condition shown in theorem 1 (no blow-up is expected) we
can generally assume that F1 ∈ L∞(0,∞) and F2 ∈ L∞(0,∞).Although additional regularity
conditions may be added to the mentioned profiles, we prefer to maintain certain minimum
requirements and provide further evidence based on subsequent numerical assessments.

In addition, we should recall that two travelling waves are symmetrically equivalent, and
this is upon replacement of (η,c2)→ (−η,−c2) and equivalent under translation η→ η+ η0,
being η0 ∈ R.

System (1.13) is now transformed by considering the exposed changes under the travelling
waves formulation, which yields

−
(
c1 + c2

)
F ′
1 = (p− 1)

(
F ′
1

)p−2
F ′ ′
1 +

(
1−F2

)
F3, (4.1)

and

−
(
c1 + c2

)
F ′
2 = (p− 1)

(
F ′
2

)p−2
F ′ ′
2 +

(
1−F2

)
F3, (4.2)

where F1,F2,F3 ∈ L∞(0,∞).
Before proceeding further, we introduce a brief summary of the results to be obtained: the

system of equations (4.1) and (4.2) is analysed in a phase space considering new variables that
will aid in the study of the system critical point. We aim to prove that, in the proximity of the
critical point, there exists an exponential behaviour of stable flows and that a minimum trav-
elling wave speed is necessary for a purely monotone condition in the profile (the purpose of
lemma 1). Subsequently, we used geometric perturbation theory to support the construction of
reduced-order manifolds, for which the computation of analytical profiles of solutions is made
easier (and linked with searching for a regular trajectory in the reduced phase plane). Finally,
a numerical assessment was conducted to verify the consistency of the analytical approach.

To examine the solutions in a phase space, we introduce density and flux functions, which
are defined as

X3 = F1(ζ), Y3 =
(
F ′
1(ζ)

)p−1
, X4 = F2(ζ), Y4 =

(
F ′
2(ζ)

)p−1
, (4.3)

such that the phase space is given by the dimensions (X3,Y3,X4,Y4).
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Equations (4.1) and (4.2) are expressed as follows

X ′
3 = Y

1
p−1

3 ,

Y ′
3 =−

(
c1 + c2

)
Y

1
p−1

3 −
(
1−X4

)(
hX3 +(1− h)X4

)
,

X ′
4 = Y

1
p−1

4 ,

Y ′
4 =−

(
c1 + c2

)
Y

1
p−1

4 −
(
1−X4

)(
hX3 +(1− h)X4

)
. (4.4)

From the above expressions, a critical subspace is expressed as (X3,Y3,X4,Y4) = (m2,0,1,0),
where m2 ∈ R is regarded as a free parameter.

Based on the equation (4.4) and the obtained critical subspace, the following lemma holds:

Lemma 1. For any value of m2, the critical point (m2,0,1,0) represents a degenerate node,
such that:

• There exist three negative and one null eigenvalues, when h(1−m2)⩽ 1.
• There exist two negative, one positive and one null eigenvalues when h(1−m2)> 1.

In the proximity of the critical point, there exist stable travelling wave profiles of solutions.

Proof. In the proximity of the stationary condition, assume that:

X̄4 = 1−X4, X4 ≪ 1. (4.5)

Consequently, in such proximity, equation (4.4) can be made linear and expressed as
X ′
3
Y ′
3

X̄4
′

Y ′
4

=


0 1 0 0
0 −

(
c1 + c2

)
h(1−m2)− 1 0

0 0 0 m2

0 0 h(1−m2)− 1 −
(
c1 + c2

)


X3

Y3
X̄4

Y4

 . (4.6)

The eigenvalues of the matrix in equation (4.6) are λ1 = 0, λ2 =−
(
c1 + c2

)
, λ3 =− c1+c2

2 +

1
2

√(
c1 + c2

)2
+ 4
[
h(1−m2)− 1

]
and λ4 =− c1+c2

2 − 1
2

√(
c1 + c2

)2
+ 4
[
h(1−m2)− 1

]
.

We can observe that the non-negative eigenvalues exist provided that

m2 ⩽
1
h

((c1 + c2
)2

4
+ h− 1

)
. (4.7)

Furthermore, we state that there exists a minimum travelling wave speed (c2,min), such that
for c2 ⩾ c2,min, the profiles of travelling waves are monotone decreasing or increasing (no
oscillations occur), which can be obtained by direct computation in the expression (4.7) as:

c2,min = 2
√
1− h(1−m2)− c1. (4.8)

Note that the computed eigenvalues directly lead to the cases stated in lemma 1. The
flow associated to the null eigenvalue is X3 = m2, X̄4 = 0, which by translation implies
X3 = m2, X4 = 1.

Note that in the proximity of (X3,Y3,X4,Y4) = (m2,0,1,0), the solutions for the set of
equations in equation (4.6) are obtained in the form of exponential profiles as:

X3 = C1e
λt; X4 = C2e

λt, (4.9)
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indicating the regular stability of the travelling wave solutions near the critical point. Here
C1 ∈ R, C2 ∈ R, and λ refers to each form of the eigenvalues obtained for the matrix in
equation (4.6).

4.1. Geometric perturbation theory

In this section, we use the singular perturbation theory, which allows us to define a per-
turbed manifold linked with equation (4.4). Subsequently, the travelling wave solutions were
computed.

First, assume a dimensionally reduced manifold Ω3 which is expressed as

Ω3 =

{
X ′
3 = Y

1
p−1

3 ;Y ′
3 =−

(
c1 + c2

)
Y

1
p−1

3

}
, (4.10)

with the critical point (m2,0,1,0) as previously discussed for equation (4.4).
Now, consider the perturbed manifold Ω3,ϵ, in the proximity of Ω3. It is defined as

Ω3,ϵ =

{
X3 = m2 − ϵ;X4 = 1− ϵ;X ′

3 = Y
1

p−1

3 ;Y ′
3 =−

(
c1 + c2

)
Y

1
p−1

3 −
[
hX3 +(1− h)X4

]
ϵ

}
,

(4.11)

where ϵ3 is small and is the perturbation parameter near the critical point (m2,0,1,0).
We establish the hyperbolic condition of perturbed manifold Ω3 by employing the Fenichel

invariant manifold theorem [35–37]. Consequently, we are in a position to obtain the analytical
profiles of solutions using the newly defined perturbedmanifoldΩ3,ϵ. To achieve this objective,
equations (4.1) and (4.2) shall be first linearized near the critical point. Thereafter, it must be
shown that the eigenfunctions (related to the linearized eigenvalues with nonzero real part) are
transversal to the tangent space of Ω3,ϵ.

Let us consider the following two-dimensional (2D) flow, which is related to Ω3 as
follows: (

X ′
3
Y ′
3

)
=

(
0 1
0 −

(
c1 + c2

))(X3

Y3

)
, (4.12)

where in the proximity of Y3 = 0, we have considered that Y
1

p−2

3 ∼ Y3. Even when the order
of the approach is different, a perturbation analysis is applied in the same manner, as both

functions Y
1

p−2

3 ,Y3 tend to zero whenever Y3 → 0+.
After solving the above expression, we first obtain eigenvalues 0 and−(c1 + c2). Using the

null eigenvalue, we obtain (1,0) as eigenvector, which is tangent to the manifold Ω3. Further,
by the Fenichel invariant theorem, this is equivalent to a state wherein Ω3 is a hyperbolic
manifold.

We intend to use an idea from [36] to examine the local invariant condition of Ω3,ϵ. Thus,
we consider the set

ψ1 = m2 − ϵ

ψ2 = 1− ϵ

ψ3 =−
(
c1 + c2

)
Y

1
p−1

3

ψ4 =−
(
c1 + c2

)
Y

1
p−1

3 −
[
hX3 +(1− h)X4

]
ϵ. (4.13)
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Based on [36], for all r2 > 0 and for any value of j ∈ N, there exists a δ1, such that if ϵ ∈
(0, δ1), and j> 0, functions ψi, i = 1,2,3,4, in equation (4.13) are Cj(B̄r2(0)× (0, δ1)) in the
proximity of the equilibrium (m2,0,1,0).

We can choose r2 > 0 such that Ω3 ∩Br2(0) is sufficiently large to cover the domain in
which the travelling wave evolve. Note that the length between the manifold Ω3 and its asso-
ciated perturbed manifold is δ1. Additionally, functions involved in equation (4.13) are meas-
urable in Br2(0). Then, the following assessment holds∥∥∥ψΩ3

4 −ψ
Ω3,ϵ

4

∥∥∥⩽ δ1ϵ, (4.14)

where δ1 = |hm2 +(1− h)| , which implies that for any δ1 ∈ (0,∞), the length between the
manifolds satisfies the normal hyperbolic condition.

To continue with our assessment, we define the manifold Ω4, in a similar way as that
with Ω3 :

Ω4 =

{
X ′
4 = Y

1
p−1

4 ;Y ′
4 =−

(
c1 + c2

)
Y

1
p−1

4

}
, (4.15)

in proximity to the critical point (m2,0,1,0), the perturbed manifold Ω4,ϵ, associated with Ω4,
is defined as

Ω4,ϵ =

{
X3 = m2 − ϵ;X4 = 1− ϵ;X ′

4 = Y
1

p−1

2 ;Y ′
4 =−

(
c1 + c2

)
Y

1
p−1

4 −
[
hX3 +(1− h)X4

]
ϵ

}
.

(4.16)

Now, we apply the Fenichel invariant manifold theorem, similar to that in the case of Ω3.
Assuming a 2D flow associated with Ω4, it is defined as(

X ′
4
Y ′
4

)
=

(
0 1
0 −

(
c1 + c2

))(X4

Y4

)
, (4.17)

where in the proximity of Y4 = 0, we have considered that Y
1

p−2

4 ∼ Y4. The perturbation analysis

is applicable in the same manner as both functions Y
1

p−2

4 ,Y4 tend to zero whenever Y4 → 0+.
The above expression has the eigenvalues 0 and −(c1 + c2). The eigenspace, associated

with the null eigenvalue, is tangent to Ω4, leading to the conclusion that Ω4 is a hyperbolic
manifold.

Now, we prove that Ω4,ϵ is locally invariant under the flow expressed in equation (4.4).
Therefore, the following expression holds:

ψ ′
1 = m2 − ϵ

ψ ′
2 = 1− ϵ

ψ ′
3 =−

(
c1 + c2

)
Y

1
p−1

4

ψ ′
4 =−

(
c1 + c2

)
Y

1
p−1

4 −
[
hX3 +(1− h)X4

]
ϵ. (4.18)

Note that the above right hand functions are Cj(B̄r2(0) × (0, δ1)), j> 0 in the proximity of crit-
ical point (m2,0,1,0).
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In the samemanner, δ1 is assessed based on assumption that the functions in equation (4.18)
are measurable in Br2(0). Then, we obtain:∥∥∥ψ ′Ω4

4 −ψ
′Ω4,ϵ

4

∥∥∥⩽ δ1ϵ, (4.19)

where δ1 is defined as per the Fenichel conditions, and already specified in equation (4.14).
In this section, we show that manifolds Ω3 and Ω4 remain invariant under the flow given

in equation (4.4). Consequently, the travelling waves profiles can be obtained considering the
dimensionally reduced Ω3 and Ω4 or the asymptotic ones Ω3,ϵ and Ω4,ϵ.

4.2. Profiles of travelling waves

To determine a travelling wave profile, first, we consider the perturbed manifold Ω3,ϵ in the
phase space (X3,Y3). A family of trajectories in this phase space can be obtained by solving
the following equation:

dY3
dX3

=−
(
c1 + c2

)
−
[
hX3 +(1− h)X4

]
ϵY

− 1
p−1

3 = H
(
X3,X4,Y3

)
, (4.20)

0< X3 < m2, 0< X4 < 1; Y3 > 0.
To obtain the existence of a regular trajectory in the proximity of the critical point(

m2,0,1,0
)
in the phase plane

(
X3,Y3

)
, we use the condition h(1−m2)⩽ 1. For this, we util-

ize the continuous condition of H. We also consider certain cases in the involved parameters
c1, c2 and ϵ. The following assessment holds for h(1−m2)⩽ 1:

−
[
hX3 +(1− h)X4

]
ϵ⩽ 0. (4.21)

For c1 + c2 < 0 and ϵ > 0, we obtain dY3
dX3

> 0 in the proximity of the critical point. If we con-

sider c1 + c2 > 0, we find that dY3
dX3

< 0. Functions of the form of H(X3,Y3) are continuous in
their domains. Based on this topological principle, we state that there exists a regular trajectory
in phase plane (X3,Y3) expressed as

−
(
c1 + c2

)
−
[
hX3 +(1− h)X4

]
ϵY

− 1
p−1

3 = H
(
X3,X4,Y3

)
= 0, (4.22)

in the proximity of the critical point.
In addition, if we consider that the trajectory evolves in the proximity of X4 = 1, the fol-

lowing expression holds(
c1 + c2

)
Y

1
p−1

3 + hX3ϵ=−(1− h)ϵ. (4.23)

A particular form of the travelling wave profile is obtained by considering the density and flux
functions introduced in equation (4.3)

F ′
1(ζ)+

hϵ
c1 + c2

F1(ζ) =− (1− h)ϵ
c1 + c2

. (4.24)

After solving equation (4.24), we have

F1(ζ) =
1− h
h

+E8e
− hϵ

c1+c2
ζ
. (4.25)

For simplicity, we consider E8 = 1, such that

F1(ζ) =
1− h
h

+ e−
hϵ

c1+c2
ζ
. (4.26)
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After obtaining F1, the same procedure is repeated for the manifold Ω4,ϵ. The trajectory in
phase plane

(
X4,Y4

)
can be obtained by solving the following equation:

F ′
2(ζ)+

(1− h)ϵ
c1 + c2

(F2(ζ) =− hm2ϵ

c1 + c2
. (4.27)

After solving equation (4.27), we obtain

F2(ζ) =− hm2ϵ

1− h
+E9e

− (1−h)ϵ
c1+c2

ζ
. (4.28)

For simplicity, we take E9 = 1, then we have

F2(ζ) =− hm2ϵ

1− h
+ e−

(1−h)ϵ
c1+c2

ζ
. (4.29)

4.3. Numerical assessments

The objective of this section is to provide a numerical assessment for systems presented in
equations (4.1) and (4.2) and to compare such an approach with the analytical expressions
obtained based on the geometric perturbation theory expressed in equations (4.26) and (4.29).

Notably, numerical assessments are not intended to build a technical discussion regarding
the forms of the solutions depending on each of the parameters involved in the flame behaviour
given in equations (4.1) and (4.2). Alternatively, the idea was to test the consistency of the
expressions obtained based on the analytical approaches followed, which ended in solutions
expressed in equations (4.26) and (4.29). This assessment allowed us to validate the following
hypothesis.

In addition, it is of paramount interest to determine the forms of the solutions for different
travelling wave speeds. This facilitates the determination of whether particular values of c2,min

(for purely monotonic profiles in the spirit of the classical KPP problem) can be obtained. To
render the travelling wave speed relevant over other forms of transport mechanisms given by
advection, it is sufficient to make c1 negligible compared with c2.

Consequently, the following parametrical values are assumed:

h= 0.5, p= 3, c1 ≪ c2, ϵ⩽ 10−3. (4.30)

The numerical simulation was performed using the MATLAB function bvp4c (refer to [38]
for a complete description of). The initial data are considered to have a step like distribution:
u(z,0) = H(−z), v(z,0) = H(−z) where H is the Heaviside function. We consider that the
initial data belongs to L∞ and is sufficiently general with no additional, yet somehow artificial,
regularity conditions. In addition, we can consider that the propagating wave moves from z< 0
and then enters into the porous domain, which can be assumed to appear for z⩾ 0. Hence, the
primary question to be answered is the form of the propagating tail once a wave motion occurs
in the porous domain.

The domain of integration is given by D= 1000 such that the impact of the collocation
method, employed by the bvp4c, is minimized. The considered number of nodes is 10000,
and the absolute error level is of 10−4.

The results and comparisons are shown in figures 1–6 for different values of the common
travelling wave speed, which should be understood as a parameter for discussing the forms of
the solutions. Notably, an oscillating condition of the solutions appeared for small values of
c2. However, when the travelling wave speed increased, the travelling wave profiles exhibited
a purely monotonic behaviour. The travelling speed values are provided in each figure foot-
print. In addition, the exponential profiles obtained in equations (4.26) and (4.29) follow the
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Figure 1. Representation of solutions for c2 = 0.01 (left) and c2 = 0.1 (right), and under
the condition of c1 ≪ c2. Note that for these mentioned values in the travelling wave
speeds, the numerical solutions for the systems of equations (4.1) and (4.2) oscillate,
whereas the solutions of form of equation (4.26), obtained based on the geometric per-
turbation theory, preserve monotone behaviour.

Figure 2. Representation of solutions for c2 = 1 (left) and c2 = 1.5 (right), and under
the condition of c1 ≪ c2. Note that for these values in the travelling wave speeds, the
numerical solutions for systems of equations (4.1) and (4.2) oscillate, whereas the solu-
tions of form of equation (4.26), obtained based on the geometric perturbation theory,
preserve a monotone behaviour.

same decreasing behaviour as the numerical solutions. These results validate the hypothesis
made when introducing the travelling wave approach and constructing solutions based on the
geometric perturbation theory.

If the advection coefficient increases, and according to the system of equations (4.1)
and (4.2), the monotone behaviour in F1 is observed for c1 + c2 = 1.824 (this value was
obtained for the case of c1 ≪ c2 in figure 3) and in F2 it is observed for c1 + c2 = 1.758
(as obtained for the case of c1 ≪ c2 in figure 6). We can select a travelling wave speed that
may counteract the effect of advection. For example, for F1 (similar for F2), if c1 > 1.824
(c1 > 1.758 for F2), the travelling wave speed will be negative to compensate for the effect of
advection and preserve the global monotone property of each solution.
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Figure 3. Representation of solutions for c2 = 1.824= c2,min. Note that for this value in
the travelling wave speed, the numerical solution for the equation (4.1) is purely mono-
tone and maintains the exponential form as obtained in equation (4.26) based on the
geometric perturbation theory. The global error between both solutions was obtained as
< 9.321× 10−3.

Figure 4. Representation of solutions for c2 = 0.01 (left) and c2 = 0.1 (right), and under
the condition of c1 ≪ c2. Note that for these mentioned values in the travelling wave
speeds, the numerical solutions for the system of equations (4.1) and (4.2) oscillate,
whereas the solutions of the form of equation (4.29), obtained based on the geometric
perturbation theory, preserve a monotone behaviour.
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Figure 5. Representation of solutions for c2 = 1 (left) and c2 = 1.5 (right) and under
the condition of c1 ≪ c2. Note that for these values in the travelling wave speeds, the
numerical solutions for the system of equations (4.1) and (4.2) oscillate, whereas the
solutions of the form of equation (4.29), obtained based on the geometric perturbation
theory, preserve a monotonic behaviour.

Figure 6. Representation of solutions for c2 = 1.758= c2,min. Note that for this value
in the travelling wave speed, the numerical solution for the equation (4.1) is purely
monotone and keeps the exponential form obtained in equation (4.29) based on the geo-
metric perturbation theory. The global error between both solutions was obtained as
< 7.258× 10−3.
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5. Profiles of analytical solutions and propagating supports

In this section, we explore the behaviour of the solutions to equation (1.13). We provide ana-
lytical expressions and introduce a form of propagating support for each involved solution.
This propagating support provides the evolution of flame descriptors (u, v) in the (z, t) domain,
leading to the formation of traces, that characterize and follow the evolution of the flame. We
studied self-similar solutions and considered an arbitrarily small advection.

We start by analysing the upper solutions of system of equation (1.13) such that the follow-
ing assessment holds:

∂u
∂t

⩽ ∂

∂z

((
∂u
∂z

)p−2
∂u
∂z

)
+ c1

∂u
∂z

+w

⩽ ∂

∂z

((
∂u
∂z

)p−2
∂u
∂z

)
+ c1

∂u
∂z

+ hu+ v

⩽ ∂

∂z

((
∂u
∂z

)p−2
∂u
∂z

)
+ c1

∂u
∂z

+E10u, (5.1)

where E10u= sup{hu+ v} and

∂v
∂t

⩽ ∂

∂z

((
∂v
∂z

)p−2
∂v
∂z

)
+ c1

∂v
∂z

+w

⩽ ∂

∂z

((
∂v
∂z

)p−2
∂v
∂z

)
+ c1

∂v
∂z

+ hu+ v

⩽ ∂

∂z

((
∂v
∂z

)p−2
∂v
∂z

)
+ c1

∂v
∂z

+E11v (5.2)

where E11v= sup{hu+ v}. The solutions to the following equations provide the upper solu-
tions to equation (1.13):

∂u
∂t

=
∂

∂z

((
∂u
∂z

)p−2
∂u
∂z

)
+ c1

∂u
∂z

+E10u, (5.3)

and

∂v
∂t

=
∂

∂z

((
∂v
∂z

)p−2
∂v
∂z

)
+ c1

∂v
∂z

+E11v. (5.4)

The self-similar structures of the above system can be generally expressed as:

u(z, t) = t−β1g1(η), η = |z|t−β2 , (5.5)

and

v(z, t) = t−β3g2(η), η = |z|t−β2 . (5.6)

After substituting equations (5.5) and (5.6) into (5.3) and (5.4) respectively, we obtain

−β1t
−β1−1g1 −β2t

−β1−1ηg ′
1 = (p− 1)t−β1(p−1)−β2

(
g ′
1

)p−2
g ′ ′
1

+ t−(β1+β2)(p−1) (d− 1)
η

(
g ′
1

)p−1
+ c1t

−(β1+β2)g ′
1 +E10g1, (5.7)
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and

−β3t
−β3−1g2 −β2t

−β3−1ηg ′
2 = (p− 1)t−β3(p−1)−β2

(
g ′
2

)p−2
g ′ ′
2

+ t−(β3+β2)(p−1) (d− 1)
η

(
g ′
2

)p−1
+ c1t

−(β3+β2)g ′
2 +E10g2. (5.8)

Note that the solutions to equations (5.7) and (5.8) can be obtained at each given time; there-
fore, for simplicity, we consider t= 1. This yields

(p− 1)
(
g ′
1

)p−2
g ′ ′
1 +(p− 1)

(d− 1)
η

(
g ′
1

)p−1
+
(
β2 + c1

)
ηg ′

1 +
(
β1 +E10

)
g1 = 0, (5.9)

and

(p− 1)
(
g ′
2

)p−2
g ′ ′
2 +(p− 1)

(d− 1)
η

(
g ′
2

)p−1
+
(
β2 + c1

)
ηg ′

2 +
(
β3 +E11

)
g2 = 0. (5.10)

On solving equation (5.9) we obtain

η(p−1)(d−1)(g ′
1)
p−1 +

(
β2 + c1

)
η(p−1)(d−1)+1g1 = E12, (5.11)

where β2 + c1 =
β1+E8

(p−1)(d−1)+1 . Because g1 → 0, when η→∞, we can set E12 = 0.
Consequently, equation (5.11) becomes

η(p−1)(d−1)(g ′
1)
p−1 +

(
α2 + c1

)
η(p−1)(d−1)+1g1 = 0. (5.12)

On solving (5.12), we obtain

g1(η) =

(
E13 −

p− 2
p− 1

(
−β2 − c1

) p
p−1
η

p
p−1

) p−2
p−1

. (5.13)

On solving equation (5.10) in a manner similar to that when solving equation (5.9),
we obtain

g2(η) =

(
E14 −

p− 2
p− 1

(−β2 − c1)
p

p−1 η
p

p−1

) p−2
p−1

. (5.14)

Substituting equations (5.13) and (5.14) into equations (5.5) and (5.6), we obtain

u(z, t) = t−β1

(
E13 −

p− 2
p− 1

(−β2 − c1)
p

p−1
(
zt−β2

) p
p−1

) p−2
p−1

, (5.15)

and

v(z, t) = t−β2

(
E14 −

p− 2
p− 1

(−β2 − c1)
p

p−1
(
zt−β2

) p
p−1

) p−2
p−1

. (5.16)

The propagating support is obtained by considering

u(z, t) = 0 and v(z, t) = 0. (5.17)

Subsequently, the supports propagate under the following expressions for the (z, t) variables:

|z|= tβ1

(
p− 1
p− 2

) p−1
p E

p−1
p

13

β2 + c1
, (5.18)
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for the u-solution, and

|z|= tβ3

(
p− 1
p− 2

) p−1
p E

p−1
p

14

β2 + c1
, (5.19)

for the v-solution.

6. Conclusions

In the analysis performed in this study, we proposed a newmodel to characterize the behaviour
of temperature- and pressure-driven flames. For this purpose, we introduced a p-Laplacian
operator with an advection term and a nonlinear reaction supported by a linear form of flame
kinetics. Our analyses began by showing the uniqueness and boundedness of the weak solu-
tions. The profiles of the solutions were studied based on the travelling waves approach and
geometric perturbation theory. Consequently, the minimum travelling wave speeds for purely
monotonic and exponential profiles were shown to hold. The assumptions considered to obtain
the analytical solutions were validated through a numerical assessment. In addition, numerical
values for the minimum travelling wave speed, c2,min, have been provided. For any c2 ⩾ c2,min

(and for each of the profiles associated to u and v), the solutions were monotonic and followed
an exponential evolution, as predicted by the application of the geometric perturbation theory.
Eventually, we obtained the evolution of the flame support for the solutions u and v. As the
main limitation of our study, we stress the need to conduct suitable experiments for which the
obtained analytical and numerical solutions can be further useful.
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