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ABSTRACT

In this article, we consider a model for flame propagation dynamics influenced by both temperature and pressure. The model is

based on nonlinear diffusion and incorporates elements from porous structure theory within the framework of partial differential

equations. Initially, Hopf bifurcation analysis is used to identify equilibrium points where the system exhibits asymptotic stability.

Subsequently, the solution profiles are derived using a combination of traveling wave solutions and geometric perturbation

theory. The existence of finite propagation speed is demonstrated, and conditions for the stability of the system are established.

Furthermore, through the method of matched asymptotic expansions, the inner (short-time) and outer (long-time or large-

distance) solutions are connected, ensuring consistency in the asymptotic behavior across both regimes via Van Dyke’s matching
principle. Numerical simulations are also used to validate the results.

1 | Introduction

In various fields such as climate change, combustion, chemical
kinetics, biology, and transport processes, the chemical and phys-
ical investigation in porous media plays a significant role (details
for climate change and combustion are provided in [1-3],
respectively).

The study of flame propagation in porous media has been a
subject of great interest from both practical and theoretical per-
spectives. The model of flame propagation in the current article is
derived from a classical parabolic model, incorporating a nonlin-
ear diffusion term. Mathematically, it is described as follows:

ow; _ Pw
o ox?

+ G(wy, w,) 1)

% e Pwy
ot ox?

+ G(wy, w,), (2)

where w, and w; represent the physical variables for temperature
and pressure (see [4]) as follows:

T(x,t) = hwy(x,t) + (1 = h)w,(x, t), P(x,t)

(. 0) ~Fwn (1),

where € is the relation between the thermal driven and pressure
driven diffusivities. If G(w,,w,)=(1-w,)(hw; + (1 - h)w,)
with m=1 and h € [0, 1], then Equations (1) and (2) represent a
model in combustion theory. Fisher [5] was one of the first
researchers to obtain useful results for this combustion model
in the cases h=0 and h=1. Later, Billingham and Needham
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[6] extended these results while working on genetic interactions
in population dynamics. A few years later, Kolmogorov et al. [7]
considered only Equation (2) with h =0 and m =1, obtaining the
existence of solutions. The results for traveling waves analysis
under the assumption h =0 and m =1 are obtained by Weinber-

ger [8].

Shchelkin [9] studied the flow of gases in a tube geometry and
used traveling wave analysis to obtain solutions. Brailovsky et al.
[10] studied high hydraulic resistance in porous media and
obtained exact solutions. In [4] and [11], Gordon introduced
new variables, such as the concentration, pressure, and tempera-
ture of the deficient reactant, and obtained useful results for the
system Equations (1) and (2) with m = 1. Later, Ghazaryan and
Gordon [12] obtained exact solutions using a linear transforma-
tion between temperature and pressure variables.

If G(w;, wy) = (1 - w,)(w, — py ) (hwy + (1 — h)w,), where h € [0,
1] and y; € [0, 1], this type of nonlinearity is called bi-stable. This
nonlinearity was used by Aronson and Weinberger [13]. Kanel
[14] considered a one-dimensional bi-stable reaction case with
m =1 and used traveling wave theory to prove the existence of a
solution with positive wave speed. Roussier [15] studied bi-stable
nonlinearity with w, =w, and obtained the asymptotic behavior
of the solution for Equation (1). Recently, Rahman and Palencia
[16] used the p-Laplacian operator instead of the Gaussian diffu-
sion operator and obtained analytical and computational results.

If m =1 then the diffusion term is linear and the system (1) and
(2) have many applications. For example, in the spatiotemporal
SI model (Chen et. al [17]) and the zooplankton-phytoplankton
model (Chen and Tian [18]). The main difference between the
model in this article and previous models is the introduction of a
nonlinear diffusion term instead of a linear one. The idea of
introducing nonlinear diffusion was proposed in [19], where the
author suggested different types of diffusion for various biological
applications. In that work, nonlinear diffusion was used in a
flame propagation model, and analytical solutions were obtained.
The purpose of using the nonlinear diffusion term here is to study
its effect on the model. Several scientists have worked in this
direction, including [20-22].

Therefore, taking into account the bi-stable nonlinearity, let us
consider Equations (1) and (2):

ow o*w'™
0_t1 = 6x21 + (1= w)(wy = ) (hw; + (1 - h)w,),
ow, Pw

- o + (1 = wy)(wy = py) (hwy + (1 = h)w,),

3)

where h € (0,1),x € R, 1y € (0,1), wy(x,0) = wy, (x)>0, and w,(x,
0) =w,, (x)>0, with m>1 belongs to integer, £€(0,1), and
(wy, (x). wy, (x)) €L'(R) N LX(R).

The present study contributes to the expanding literature on
nonlinear diffusion flame models by incorporating porous-
medium-type nonlinear diffusion into a coupled reaction-diffu-
sion framework. In comparison to classical flame models with
linear diffusion, the nonlinear diffusion exponent significantly

affects the bifurcation thresholds, stability properties, and
dynamical behavior of the system. The proposed model shares
important features with porous medium and p-Laplacian diffu-
sion equations, both of which describe diffusion processes whose
intensity depends on the state variable. The present work empha-
sizes that with the increase of nonlinear diffusion exponent m,
the solution converges slowly and plays an active role in shaping
oscillatory flame dynamics.

The objective of Section 2 is to perform a Hopf bifurcation analy-
sis of the model (3). The approach follows Guo et al. [23], and we
obtain equilibrium points where the solution of the system is
asymptotically stable. Chen with other authors in [24-28], also
used the Hopf bifurcation analysis and obtain the existence and
stability for the solutions of predator—prey models. In Section 3,
we use the traveling wave approach to convert the system of
ordinary differential equations and then use the condition in
which the solutions of the system converge. In Section 4, we
use the geometric perturbation theory to perturb the problem.
In Section 5, we obtain the analytical solution for perturbed the
problem which is given in Section 4. In Section 6, we develop the
numerical solution perturbed by the problem to validate our
results. In Section 7, we obtain the unsteady solution close to
the steady solution. In Section 8, we use the matched asymptotic
expansions to connect the inner and outer solutions. The unpub-
lished work by Rahman et al. [29] is available at SSRN.

2 | Hopf Bifurcation Analysis

In this section, we depart from the work by Guo et al. [23]. The
idea is to find the equilibrium points where the asymptotic solu-
tions are stable.

It is easily checked that for (n;,n,,n;) €R and p; € (0,1) then
(n1,1), (ny, 1) and ( - (1—%7 ns), are the equilibrium points for
the system (3) and we constrain the problem to the spatial
domain Q= (0, Ir). Also, it is a well-known result that given the

operator w; — —‘);’C‘;‘ with w, being null at the boundary, the

corresponding eigenvalue problem is as follows:

¢" +k¢p=0 with ¢(0)=¢p(lx) =0 (4)

which has the set of eigenvalues k,,:’;—f (n=0,1,2,...) and
eigenfunctions ¢, =sin }x, for n=0,1,2,... The system (3) is

linearized at the equilibrium point (- % ns) and leads to:

awl azwl
ot —L wy —D ox?
% w, ’ 02w2

o h )y =) (0 WYL= ) — )
—n3)(N3 = - —n3)(N3 = wq
o " ) (o)

wy

(5)

where D= diag(m(%)mﬁl, m(ns)"™1) is the diffusion matrix.
Consider the characteristic equation L(¢, w) = A(¢, y) and let (¢,
w)=2;"0(an. by)sin 7x, then we can find Z°,(J,—Al)
(ay, by)Tsin %x =0, where
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h(1 = n3)(n3 — py)

for the characteristic equation, by taking |J, — AI| =0, we obtain:
22— T,A+D,=0, (7)

where

= a=m)m-m) - E [ (2) 7 ] @

and

n - m?n*nd" 2 (h - 1\m-!
e * h

©)

mn*n-1

. (h - 1>m]

(1-n3)(ns — ) {fH—W .

When n<l and nzé€(-oo,p;]U(1,00), we have T,<0
and D, >0.

Now, define ¢,(1) =A% - T,A+ D,. For n>0, the above condi-
tions imply that T,<0 and D,>0. Therefore, for any n>0, the
roots {, and ¢, , of the equation ¢, (1) =0 are negative.

Next, we need to show that there exists §>0, which is indepen-
dent of n, such that ¢;,< -6 and ¢,, < —§. Suppose 1=n?1,
then we have

é/n(ﬂ) =n*)? - nZTn/1 +D, = Wn(g)’

0

For the characteristic equation, we take |J,, — AI| =0, giving:
P2+ T+ D, =0, (13)
where

n’m  n*mnpl!

IT T’ (14)

T, = (1) (hny + 1~ ) +

and

n’m n*m2n1
Dn:l—z(l—ul)(hn1+1—h)+1741. (15)

If n, >0, then T,>0 and D, >0.

Now, suppose {,(4) =>4+ T,A+D,, and for n>0, n; >0, we
have T,,>0 and D, >0. Therefore, for any n >0 and ¢, (1) =0, the
roots { ,, and ¢, , are negative.

n)zD - G)zmniﬂil

(1-h)(1 - n3)(ns - u) (6)

(1= W)L = n3)(ns =) = m(7) (ns)"™

After solving, we get:

m-1 _ m—
i 22 o ()

N m?n3m=2 (h -1\ m-1
I h '

This equation shows that for large n, the roots of v, ({) are nega-
tive. Therefore, we can choose ¢ such that{; , < —6and {; , < —
8, which implies that the system (3) is asymptotically stable at the
equilibrium point ( - %, ns). For the equilibrium point (n,,
1), the linearized form of system (3) is as follows:

(10)

owy Fw,

ot =L W =D 6x2

% wy . 62 w, ( 11 )
ot ox?

F(pzhTmimr T ()

where D =diag(mn~!, m) is the diffusion matrix. Consider the
characteristic equation L(¢,y)=2A(¢,w). Let (¢.w) =22 (a,,
b,)sin }x. Then we can find:

%O: (J, = A)(a,, b,)Tsin ?x =0,

n=0

where

= (1=m)(hny +1-h)

= (1= )y + 1= k) = (7)’m

Next, we need to show that there exists §>0, independent of n,
such that ¢, , < —§ and ¢, , < — 8. Suppose A= n?4, then:

Z.-‘n(/l) =n'2’ - nzTnj' +D, = l//n(z:)'
After solving, we get:

m-1 2,2m-2
limw’;ligg):(z+<%+mnl )§+m’? ) (16)

n—00 12

This equation shows that for large n, the roots of v, ({) are nega-
tive. Therefore, we can choose ¢ such that {; , < —6and {, , < —
8, which shows that the system (3) is asymptotically stable at the
equilibrium point (n, 1). For the equilibrium point (n,, 4 ), the
linearized form of system (3) is as follows:

Advances in Mathematical Physics, 2026

3 0of 18

85UB01 SUOWIWIOD SR 3|1 |dde 8L Aq peuenob a1 3ol YO ‘88N J0 S3|n1 Joj AReiq1T8UIIUO AB]IM UO (SUORIPUOD-PLE-SLLBY WO /8| 1M ALIq 1 BUIIUO//SANY) SUORIPUOD PUe SWUB L U} 89S *[9202/60/2T] U0 ARIqIT 8UIlUO A811M ‘(PePILES 8P OLIBISIUIIN) UOKSINOL] [UOHEN BLILO0D USIUedS AQ 9/10688/dpe/SSTT OT/10p/u0d" A3 AReiq o Uo//Sdy WO papeojumod ‘T ‘9202 ‘L6TE



owy Fw,
ot =L wy =D axz
dw, w, )’ Pw,
ot ox?
0(1-—p)|—+1-h
+ I3 wy
wy ’

0(1 —/41)<]/;an +1- h>

where D = diag(mnf~1, mp~1) is the diffusion matrix.

For the characteristic equation, taking |J,, — AI| =0, we have:

2 -TyA+D, =0, (19)
where
]’l 2 m— m-1
Ty= (1) (M2 1 ) g )
I l l
and
n’m hn n*m?n-tm-1
D= - -p) (2 41-n) + 2 A
l H1 l
If ny <py -5 +h12 thenT <0 and D, >0.

Assume Bn(A) =22+ TA+D,, and for n>0, n,<pu; -
h12(1 , we have T, <0 and D, >0. Therefore, for any n>0 and
Bu(d ) 0, the roots /3, , and f, , are negative.

Next, we need to show that there exists >0, independent of n,
such that 8, , < -5 and 3, , < — &. Suppose 1 =n?J, then:

ﬂn(/l) =n*2’ - nzTn/1 +D, = l//n(ﬁ)'

After solving, we get:

lim ——~
n—o00 n

vl _ o, mpg ™ g e
- 2 Z B

(22)

This equation shows that for large n, the roots of y, () are nega-
tive. Therefore, we can choose d such that f, , < —dand 5, , < -
6, which shows that the system (3) is asymptotically stable at the
equilibrium point (n,, u).

It is noted that the Hopf bifurcation mechanism results of model (3)
are obtained by the interaction between the nonlinear reaction kinet-
ics and the nonlinear porous-medium diffusion. The reaction term
(1 = wy)(wy = py)(hwy + (1 — h)w,)) provides the nonlinear
response which is responsible for disrupting the steady state and the
cause of oscillatory dynamics. At the same time, the nonlinear diffu-
sion exponent (m) occurs in the coefficients of the characteristic

Consider the characteristic equation L(¢, y)
=2 0(ay. by)sin 4x. Then, we can find:

=MU¢.y). Let (¢, )

S (J, = AT)(ay, by)"sin ?x —o,

n=0

where

equation which affect both the trace and determinant of the linear-
ized system. Consequently, the critical conditions for Hopf bifurca-
tion depend not only on the reaction parameters but also on the
strength of nonlinear diffusion. This illustrates that the start of peri-
odic oscillations is governed by the coupling of nonlinear reaction
and nonlinear diffusion effects. In comparison to classical reaction-
diffusion models with linear diffusion, the present analysis reveals
that the increase of m the solution converges slowly, which affects the
stability properties and bifurcation thresholds.

3 | Traveling Waves Analysis

The purpose of this section is to employ traveling waves to derive
the solution profiles for the system (3). To accomplish this, we
assume that:

wy(x, t) = G4(), wy(x,t) = Gs({),

where {=x-atcR and a represents the wave propagation
speed. The functions:

G4:R - (0,00), Gs:R — (0,00),

are bounded, that is, G, € L*(R), Gs € L>*(R). Substituting the
traveling wave assumption into the system (3), we obtain:

-aG}, = (GI)" + (1 - Gs)(Gs — u1)(hGy + (1 - h)Gs).

(23)
-aGy = (G2’ +

(1= Gs)(Gs = 1) (hGy + (1 = h)Gs),

(24)

to investigate the solutions in the phase space, we define the
following variables representing density and flux:

=G4(0). Ya=(GJ(0)). X5 =Gs(¢). Y5 = (GZ(2)).

(25)

Substituting (25) into the system (23) and (24), we can rewrite the
system as follows:
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1
X, = —Xi"Y,,
4 m 4 4

-a
Y, = EXifmn = (1= X5)(Xs = pq)[nXy + (1 = h)X5],
1
Xy = —XiYs,
-a
Y5 = EXSI_MYS - (1-X5)(Xs — ) [hXy + (1 - h)Xs].

(26)

The system (26) has critical points at (n;,0,1,0), (n,,0,u;,0),
and (%,0, ns;,0).

Theorem 1. The traveling wave solution of the system (26) close
to critical points (ny,0,1,0), (ny,0,u;,0) and (% ,0,15,0)
are stable.

Proof. For the point (X, Yy, X5, Ys) =(n,,0,1,0), we state the
following lemma. O

Lemmal. The critical point (n,,0,1,0) corresponds to a degen-
erate node with the following properties:

« Forh(1 —n,)>1, there are three negative eigenvalues and one
zero eigenvalue.

« For h(1-ny)<1, there are one zero, one positive, and two
negative eigenvalues.

Moreover, close to critical point (n,,0,1,0), the traveling wave
solution of the system is stable.

Proof. Let us suppose that in proximity to the stationary condi-
tion:

X, =-X,+1, X,<<1. (27)

Under this assumption, the system (26) can be represented as
follows in the vicinity of the stationary condition:

The eigenvalues of the system are given as follows:
(N, 45, 45, 4y) =

<07_gn%_m7_1+1\/ajz_4(1—m)[h(l—m) -1
m 2m 2 \Vm

m
_i_l\/a_2_4(1—ﬂ1)[h(1—n1) 1)
2m 2V m? m '
(29)
The nonnegative eigenvalues exist if:
a? - 4am(1 - py)[h(1 = ny) - 1] >0 and (30)
(1 - p)[h(1 - ny) - 1] <0,
The minimum wave speed a ;, is given as follows:
Amin = 2¢/m(1 = uy)[R(1 - ny) - 1]. (31)

The minimum speed exists if (1 —n;)>1. The corresponding
exponential profiles are as follows:

X, = Eye%t, B3>0,

) a 1 [ 40-p)[h(1-n)-1] (32)
B=—rt - ,
2m 2 Vm m
and
Xs =E,e’t, E, €R,
A__i_wa_z_z;( —wm)h(-m) -1 (33)
A7 om 2 Vm? m ’

These expressions indicate that the wave solutions converge to
the critical point (n;,0,1,0). O

Lemma 2. The degenerate node is associated with the critical
point (n,, 0, u;,0) and has the following properties:

o For h(u, — ny)>u,, there are three negative eigenvalues and

1 i .
0 . ()" 0 0 one zero eigenvalue.
X3 a o For h(u, — ny) <u,, there are one zero, one positive, and two
v 0 = L(m)1 " (4 - 1)(h(1-ny)=1) 0 o
3| m negative eigenvalues.
o= 1
X 0 0 0 —
Y} ma Moreover, close to critical point (n,,0,u,,0), the traveling wave
0 0 (1 - (h(1=ny)-1) - m solution of the system is stable.
X;
Y, Proof. Let us make the assumption that in proximity to the
P stationary condition:
4
Y Xy =-pu+X; X4<<l. (34)
(28)
Under this assumption, the system (26) can be represented as
follows in the vicinity of the stationary condition:
0 —(ny)t™™ 0
X} " X;
Y} 0 - a(”z)lfm (1 = V) (h(y = n3) = ) 0 Ys (35)
- = _ 35
! 1
oo o —(u) |
Y n Y,
0 0 (1 =) (h(py = np) —p1) - E(Ml)lfm |
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The corresponding eigenvalues are given as follows:

1-m
an,

(B 2y Ay ) = (o,— ,

m

_ ap;”" _l_l\/(all%m)Z 4 ™ (1= py) [y = h(py = ny)]

5

2m 2 m m

_ ap;”" 1 \/(aﬂ%m)z + 4pui ™ (1 = p) [y = h(py = ny)] ).

2m 2 m m
(36)
The nonnegative eigenvalues exist if:
1 aZ'ul—m
<- h-1)-——2 d
= {”1( )" ami =) (37)
(1 =l = h(uy —ny)] 20.
The minimum wave speed a ., is as follows:
Amin = 2y/m(1 = ) [h(uy = 1) — i Ju™. (38)

The minimum speed exists if h(u; —n,)>u;. The exponential
profile of the solution is as follows:

> aﬂl—m
X, = E,e%t, E;>0, Agz—ﬁ .
39
! \/ (au%%)z 4t (1= o) s = (s = 1)
+= + .
2 m m

and

x aui ™"
Xs = Egeht, Bg € R, 2, = —
5 g€ ’st, bg € 8 om w0
1 ap ™\ 2 n 4™ (1 = py) [y = h(py = 1))
2 m m '

These expressions indicate that the wave solutions converge near
the critical point (n,, 0, y;,0).

Lemma 3. The degenerate node is associated with the critical
point (% ,0,n3,0), with the following properties:

o For (1-nj3)(n3 —u,) <0, there are three negative eigenvalues
and one zero eigenvalue.

« For (1-n3)(ns3 — pup)>0, there are one zero, one positive, and
two negative eigenvalues.

Moreover, close to critical point (%,O, ns,0), the traveling

wave solution of the system is stable.

Proof. Let us make the assumption that in the vicinity of the
stationary condition:

X, =X, +n;, X,<<1. (41)

Under this assumption, the system (26) can be represented as
follows in its proximity to the stationary condition:

0o L <_(1 ;lh)n3)1_m 0 0
X ma -1 -h)nz\1-m %
v | fo-n (P T om0 v, -
X, o
v 0 0 0 —(n3) v,
0 0 (1= m)ms )1~ )~ & (my)1om

The corresponding eigenvalues are as follows:

1o / Iy _E —(1—]’1)1’13 1om
()‘9’/110’)“11’}“12) - (0’ m< h ’

_anf™ 1 \/ (’") L 40y (1= ng)(ns = ) (1= )

s

2m 2 m m
any™ 1 [(anj™™\2 4n}™"(1 - n3)(ns —p)(1 - h)
- - + .
2m 2 m m
(43)
The nonnegative eigenvalues are given as follows:
n3>p; and 0<nz<1. (44)

The minimum wave speed a ;, is as follows:

— \/m(l )1 = n3)(n ) (45)

1-m
n3

The solution in exponential form is as follows:

, ani™m
X4 = Ene_’lll t, E11>0, j.lll = - 2;1
46
t [fanm\ e a0 im0
2 m m ’
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and

4 | Geometric Perturbation Theory

The purpose of this section is to apply perturbation theory to

X. — Fotot. E R ani™™m develop a perturbed manifold near the critical points of the sys-

= 12 = -

> el B €8 A 2m tem (26). This technique helps us obtain traveling wave solutions.
(47) We begin by defining the manifold £,, which is close to the

2 m m

}¢C%%y+mﬁwb%Mm—mm—m_

critical point (n;,0,1,0), as follows:

1 -a
QZ = {Xi = _X41—WLY4; Yi = _X41—WLY4}. (48)

These expressions show that the wave solutions converge near m m

the critical point (%,0, ns;,0). O
The perturbed manifold close to £, is given as follows:
X4 =Ny,
Xs=1-¢;
_ 1

Q,,= X‘/1 — EXi_mYM > (49)

where ¢ is a small parameter. Similarly, we

Y, :%X}‘mn -(I-e-m)hXy+(1-h)(1-¢)e

- 1
define the manifold X, = - X1-my;;

3, which is close to the critical point (n;,0,1,0), as follows: Q= ) (50)

—-a
Yl =—XI"Y,
5 mS 5

The perturbed manifold close to £2; is defined as follows:

Next, we define the two-dimensional manifold £2,, which is close

to the critical point (n,, 0, 41, 0):

Xy =ny;
Xs=1-¢;

1o . 51
Xy = X4V (51)

Y, = _Ea)(sl‘mY5 = (1=e=p)[hny + (1 - h)Xsle

1
X} = = X}y
.Q4 - m . (52)
T 1m
Y4 = WX4 Y4

The perturbed manifold close to £, is given as follows:

We also define the manifold Q5 as follows:

1
X{=—XI"Ys;
Q5= m
5 —a .
YL =—XI"Y,
5 m 5 5

X, =ny;
Xs = + &

1. ) 53
m:aﬁmn; (53)

-a
Y, = WXA%""K‘ -1 -m —e)[hXy+ (1 - h)(uy +2)Je

The perturbed manifold €25 is given as follows:

Xy =ny;
Xs=m +¢&

Qs, = X; 1

1- .
= EXS "Ys;

-a
Y5= Wxsl_mys - (1= —g)[hn, + (1 - h)X;le

(55)
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Finally, close to the critical point (% ,0,n3,0), we define the
manifold €4 as follows:

X, — -(1-h)n;

1
X} = — XYy
47 0 4

1
Xy =—X;""Yy;
Q= m . (56)
“A1m
Y‘; = EX“ Y4

The perturbed manifold close to €4 is given as follows:

e

X5 = ngs;

(57)

—-a
Y, = ;Xi’"% = (1= n3)(n3 — uy)(hX, + (1 = h)ny)

Finally, the manifold €2, is defined as follows:

1
X =—Xi""Ys;
Q,= m ) (58)
/ a4 iem
Ys = EXS Ys

The perturbed manifold close to £2; is given as follows:

-(1-h)n;
X, = ;
4 h +&
X5 = ngs;
Q.= 1 . (59)
Xs=—X;"Y5;

-a
Y;= EXSI_mYS = h(1 = n3)(Xs — py)e

From [14], the manifolds £2;, where i =2, 3, ..., 7, satisfy the Feni-
chel invariant manifold theorem. Additionally, the newly defined
perturbed manifolds ©; ., where i =2,3, ..., 7, provide analytical
profiles of the solutions. Furthermore, the distance between the
manifolds ©; and Q;, fori=2,3,..., 7 satisfies the normal hyper-
bolic condition. The profiles of traveling waves can be derived by
using either the dimensionally reduced manifolds €2;, where i =
2,3,...,7, or their asymptotic counterparts ;.

5 | Traveling Wave Profiles and Finite Propagation

The perturbed manifold Q, ., yields a set of trajectories in the
phase plane (Xj, Y,) by solving the following equation:

dy.
—dX4 =-a+m[(l-e-pu)(hXy+ (1-h)(1-¢))]
4
41
eXm 1 — = H(a.X,. X5, Ys).
Y,

(60)

where 0<X,<n;, 0<Xs<1, and Y,>0. The above equation
shows that for a<0 then ‘%: >0 and for increasing values of a
then %;‘ <0. Since H(a,X;,Xs,Y,) is continuous, then there

exists regular trajectory by solving the following equation

—a-m[(1 - pu)(hX, + (1 - h))]

1
eX! — = H(a,X,.Xs,Y,) =0,
Y,

where €2 — 0. After using Equation (25), we have
—a(Gy)' = m[(1 = u)(hGy + (1 - h))]eG~ =0.
After solving the above equation, we have

-(1-h)

1-h eh(1-p )¢
Gy(x.t) = Y + (wlo(x) + ( N )>e‘T,

which implies that

wy(x. 1) = ¥ + (wlo(x) + (1 ;h))e‘W_ (61)

For the trajectories in the phase plane (X5, Ys), we consider per-
turbed manifold (€;,) and using the same procedure as that
obtained for the trajectories for perturbed manifold (£2,,) we
have:

—aYs —em(1 - ¢ — ) (hny + (1 - h)X5) X! =0.
After using Equation (25), we have
-a(G?) —em(1 - ¢ — ) (hny + (1 - h)Gs)GZ™1 =0,
where €2 — 0. After solving above equation, we have

_ —hny
T 1-h

hn, ) _e-m (- )¢

+(wzo(x)+1_h e ‘

Gs(9)

which implies that

—hn hn e(1-h) (111 ) (x=at)
wy(x,t) = ! ! ) : "

1—h+(w20(x)+1—h e @ - (62)

Now consider perturbed manifold (£2,,) and taking &> — 0, we
arrive at

—a(GyY = ml(1 = ) (hGy + (1 = ke GE = 0,
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After solving the above equation, and the solution in x and ¢
variables is as follows:

-1 -h)m

1-h —eh(1-u1 ) (x-at)
w (x, £) = p @) o)

+ (wm (x) + A z

(63)
The perturbed manifold (£2s.) and taking &2 — 0, we arrive at
-a(G§)' = me(1 - py)(hny + (1 - B)G5)GE™! =0,

which is similar to Equation (62). Therefore, the solution is as
follows:

—hn hn —e(1-h) (11 ) (x-a1)
le(x, t) = 1- ]i + (wZo(x) -+ 1 _Zh)e a . (64)

Consider perturbed manifold (£24,) and arrive at

- a(G}) =m(1 = n3)(ns = 1) (hGy + (1 = h)ns)GY ' =0,

After solving the above equation, and the solution in x and ¢
variables is as follows:

-d- 1- 1-n3 ) (n3—p1 ) (x-at
wy(x, 1) = —d-hn, + (wio(x) + (1 -hjns LG )
h h

(65)

From the perturbed manifold (£2,,), we have

- a(GI) - me(1 - puy)(hny + (1 - h)Gs)GE™! =0,
After solving the above equation, we get
—he(x—-at)

Wy (%, ) = =y + (W (X) +py)e . (66)

6 | Numerical Methodology

The governing equation is reduced to a first-order nonlinear ordi-
nary differential equation of the form

—add—i“ {1 ) (WG, + (L - RGP =0, (67)

which can be rewritten as follows:

dG, m(l - )

—=-——(hG 1-h)) Gt 68

@ ~H (hGy+ (1= ) G (68)
The problem is solved numerically using MATLAB’s built-in
solver ode45, which is based on an explicit adaptive Runge-Kutta
(4,5) method. The computation is carried out on the spatial
domain ¢ € [0, 1] with the initial condition

G4(0) = wy(0). (69)

The solver does not use a fixed step size; instead, it employs an
adaptive step-size control strategy to ensure accuracy. Unless
otherwise specified, the default MATLAB tolerances are used:

RelTol =1073, AbsTol =107°.

The numerical solution obtained from ode45 is evaluated on a
uniform grid

1
x;=0+iAx, i=0,1,...,N, Ax:N,

using interpolation when necessary. The accuracy of the numeri-
cal solution is measured in the L!-norm defined as follows:

N
Ll = Z ‘wexact(xi’ t) — Wodess (xis t)‘Ax' (70)

i=1

The solutions (61)-(66) show that the combustion decreases
smoothly and exponentially behind or away from the moving
flame front, and for large traveling-wave constant “a” then the
solutions tend to initial profile. In addition, the results for the
expressions (61)-(66) are depicted in Figures 1-5. From the
figures, the analytical solution demonstrates that the system
admits a unique, exponentially stable equilibrium solution. The
numerical solution obtained using ode45 confirms the theoretical
results with high accuracy. The L!-error is shown in the Table 1.
ode45 is an adaptive Runge—Kutta method of higher order. As the
mesh is refined (i.e., as N increases), the numerical error reduces
significantly, indicating improved accuracy and convergence of
the solution.

7 | Stability of Solutions

In this section, we assume that the solutions of the system (3) are
w4 6w,y and wyg + dw,, where w,; and w, are steady-state solu-
tions, and dw, and dw, are sufficiently small perturbed solutions.
The steady-state solutions for the system (3) satisfy the following
equations:

Puwl
o2 + (1 - wZS)(wZS - ﬂl)(hwlx + (1 - h)wZS) =0 ( )
71
Fwh
axzZA + (1 = wy) (wy = py) (hwys + (1 = h)wy,) =0,

where ¢ = 1. After solving the above system, we can obtain w;; and
w,. Now substituting wy + dw; and w,, + dw, into Equation (3)
and using Equation (71), we get

TABLE1 | Comparison between exact and ode45 solutions with L!-
error.

Advances in Mathematical Physics, 2026

N Exact solution ode45 solution L'-error

50 0.742381 0.740539 1.8421x 1073
100 0.742381 0.741460 9.2114x 1074
200 0.742381 0.741921 4.6038 x 10~*
400 0.742381 0.742151 2.3011x 1074
800 0.742381 0.742266 1.1502x 107
1600 0.742381 0.742323 5.7518 x 107>
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oSw 0? and A, = (w,,)™"!, therefore, the Equations (73) and (74) become
P 0 (mlwr) " 6wy) + R(1 = way) (w0, ~ ooy o=l quations (73)and (74)
+ [(hwls + (1 - h)sz)(l - 2w25 +/") + h(l - w25)}5w2 d&fi _ (—mA k2 T A )56_‘,\ T A 5&7 (75)
odw, ? o1 dt 1 2)owy + Azow; -
Fraalew) (M(was)" 1 ow,) + h(1 = wys) (Wag — p1)dwy
+ [(hwis + (1 = h)was) (1 = 2wy + p) + h(1 = wy)|ow,, déw,

A7 + (—mALK? + A,)dw;. (76)

(72) e

where we neglect the higher-order terms as powers of éw, and The matrix form of Equations (73) and (74) is given as follows:

éw, as well as the product term Sw,éw,. Taking the Fourier

transformation of the system (72) and considering that swy (k, d oty _ [~ mAK? + A, As oty
t) w, (k, t) and are the Fourier transformations of sw; (x, t) and dt \ sw, A, —mAJE+A; )\ sw, )
Sw,(x, t), we get (77)
déwy ) e _ - L
Tl mk?(wqg)™ 6w, + h(1 — way) (woy — py)Swy The characteristic equation is of the form
+ [(h'wls + (1 - h’)wZS)(l — 2wy +/") + h(l - w2s)]5w2 _ mA1k2 Ty 2 A,
(73) det =0, (78)
Az - mA4k2 —+ A3 -1
dswy o \meigos ~
a I (o)™ 615 + (1 = was) (was = )0, which implies that

+ [(hwis + (1 = hwag) (1 = 2wy + 1) + (1 = wy)]ow,.
(74) 2+ AmAR + A - Ay - A3) (79)
FmMPA A — mALASK? — mA,AK? = 0.
For simplification, we assume that A; = (wy,)™ 1, Ay = h(1 — wy)
(Was — 1),  Az=(hwig+ (1 — h)wa) (1 = 2wy + u) + h(1 — wyy) After solving, the eigenvalues A; and 4, are given as follows:

1
M= 3 [-(mAK? + mALK? - A, — Aj)

(80)
- V(MAK? + mAK? — A, - A3)? — 4(mPA1AKY — mALAsK? — mALALK?) ),
and
Jo = S[-(mAKE + mAKE - A, - As)
2 2 1 4 2 3 (81)
+ V(MAR? + mAK? — Ay — A3)? — 4(mPAL AR — mALAK? — mALAKY) ).
The eigenvectors corresponding to the eigenvalues are as follows: and
{—mA1k2+mA4k2—A2 +A3—A5’1}’ (82) —mA1k2+mA4k2—A2 +A3 +A5,1 . (83)
2A, 24,
where
As = /(MALK? + mAK? — Ay — A3)? — 4(mPA ALkY — mALAK? — mALAK?). (84)

After finding the eigenvalues and eigenvectors, we can write the ~ where A and A, can be obtained by using the initial conditions.
general solution as follows: Since sw; (k, 0) = 6w;o(k) and 5w, (k, 0) = 5w,y (k), the following
assessment hold:

b‘u/}\(k t) —mA1k2 + mA4k2 - A2 +A3 —A5
1 — Ageht 24, 510 (k) —-mAK? + mAK? — Ay + Ay — As
603 k. 1 D)) _ 2
’ ! Sip(k) )~ ° :
—MAK? + mAK? — Ay + A; + As » 1
+ Ajet 24, . —-mAk? + mAK? — Ay + As + As
1 + A, 24, >
(85) !
(86)
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which implies that

AG(—mAlkZ —+ mA4k2 —A2 +A3 —As)
+ As(—mA K + mAK? — Ay + Az + As) = 24,601 (k).
(87)

_ 2A25{l\)10(k) + (_mAlkZ + mA4k2 —A2 +A3 - 3A5)5{L720(k)

and

A6 +A7 = 511\)20(](). (88)

After solving Equations (87) and (88), we get

_ 89
Aq o : (89)
and
24,6Wq0(k) — (—mAK? + mAK? — Ay + As — As)dwqg (k)

A, = . (90)

245

From Equation (85), we have and

- —mA K> + mAK? —A, +A; - A

swy (k. 1) = As( : 42A2 e S)e‘” 503 (k. t) = Ageh! + Ayeit. (92)

—-mAK? + mAK? - A, + Az + A
+A7( A e S)eﬂzf,
24,

(91)

Now, for the solutions in the original physical variables (x, t), we
shall apply the inverse Fourier transformation on Equations (90)
and (91) to get

/‘ A (—mAlkZ + mA4k2 —Az +A3 _AS
6
R

Alt+ikxdk
24, )e

and
1 )
bus(lat) =5 [ (At + Ao (94
TJ R

where A; = (wi)"!, Ay =h(1 - wy)(wy — ), Az = (hwys+
(1= R)was) (1 = 2was +p) + h(1 = wyy), Ay = (W)™, A1y A, As,
Ag, and A, are given in Equations (80), (81), (84), (89) and (90)
respectively.

For the stability of the system, we consider the eigenvalues which
are given by Equations (80) and (81). If 4; and 4, are real eigen-
values then

A= (mAK? + mAK? - A, — A3)?
— 4(m2A ALkY — mALAsK? — mA,ALK?) >0,

and the system is stable if mA k> +mAk? - A, —A;>0 and
m?A Ak — mAAsk? — mA,ALk?>0. If 2, and 1, are complex
eigenvalues then A<0 and the system is sable if mAk*+
MALK? — Ay — Ay >0.

/ A (—mA1k2 + mA4k2 _AZ +A3 +A5
7
R

S tikx
- )eﬂ dk.

8 | Short-Time Asymptotic Expansion

We consider now the behavior of solutions w (x, t) and w, (x, t) for
small times for which we employ matched asymptotic expansions
and integral transform techniques. These methods will help to
analytically obtain the solution in both the inner (near the initial
condition) and outer (large-scale) regions. The goal is to capture
the flame front’s behavior during the early stages of the process.

At small times, the behavior near the initial condition typically
forms an initial layer. We seek an expansion in powers of ¢7,
where « is a parameter to be determined from the scaling analy-
sis. Let us propose the following expansions:

w1 (x, 1) = wy, (X) + 2wy, (x) + 2wy, (x) + -,
Wy (X, 1) = wy, (X) + 7wy, (X) + 2wy, (x) + -

To determine the correct scaling of ¢, we perform a balance of
terms in the governing Equation (3). The diffusion terms contain
second-order spatial derivatives and must balance with the reac-
tion terms for small times. We begin by considering the dominant
terms in both diffusion and reaction components:

Advances in Mathematical Physics, 2026
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62 m

w
ale ~ and G(wl, wz) ~ 7,

The reaction term G(w;,w,) behaves linearly for short times.
Assuming an initial condition that is spatially smooth, the second
derivative term scales as t*. Therefore, we balance diffusion and
reaction terms and choose a =1, leading to:

wy (X, 1) = wy, (x) + twy, (x) + Pwy, (x) + -
W (X, £) = wy, (X) + twy, (x) + Pw,, (x) + -

Substituting these expansions into the original equations and
collecting terms of order t°, we recover the initial condition
wy(x,0) =wy, (X), wy(x,0) =w, (x). The first-order terms can
be obtained based on a Fourier transformation. We substitute
into the PDE system and obtain the following linear PDEs for
wy, (x) and w,, (x):

?(ut) (95)
Wy, = ox2 + (1 - wzu)(wzu _‘ul)w%’
X
#(u)
Wy =€ ox2 + (1 - wzo) (wzo - ﬂl)an’ (96)

where w; = hw;, + (1 - h)w,, . Now, the Fourier transform of the
first equation is as follows:

@y, (k) = 2 (wht) + F (1= wy,) (w3, = )ws,).  (97)

Similarly, for the second equation, the Fourier transform
becomes:

Wy, (k) = —6k2@<w§'(’)) + F((1-wy,) (Wi, — p1)ws, ). (98)

After operating with particular initial data w; (x),w, (x). and
making the inverse Fourier transformation, we can recover the
original physical spatial variable.

Now, for large x or large t, we employ an outer expansion. Let
w; (x, t) and w,(x, t) admit the expansions:

wy (X, 1) =Wy (x.8) + PW, (x,£) + -,
wZ(xv t) - WZO (x, t) + tﬂ‘/\lz1 (x, t) + e,
where f is to be determined based on a scaling argument.

Now, using matched asymptotic expansions, we match the inner
and outer expansions in an intermediate regime. This ensures a
smooth transition between the small-time and large-time behav-
ior of the solution. The matching condition is imposed by ensuring
that the leading-order terms in the inner and outer expansions
agree asymptotically as x — oo or t — 0. We are particularly inter-
ested in the behavior of the inner expansion in the limit as x — co
for each fixed ¢ (i.e., far from the flame front). The goal is to find
the asymptotic behavior of the inner expansion as x — cc.

We assume that for large x, the solution behaves like:

By (t

w (x,£) ~ Ay + ;()+ X = 00, (99)
B,(t

wy(x,t) ~ Ay + ig)—o—, X = 00, (100)

where A, A, are constants, and B, (t), B,(t) are functions of time.
The exponents a and f are determined by solving the leading-
order behavior of the governing equations as x — oc.

The outer expansion describes the solution for large x or large ¢,
where the diffusion effects dominate over the reaction terms. We
assume that the outer solution takes the form of a series expan-
sion in powers of ¢, where y is to be determined:

Wi(x, 1) =W, (x. 1) + W, (X, t) + 7W ) (x.8) + ...,
Wo(x,t) =W, (x. 1) + W, (X, t) + t7W, (x.1) + ...

For large x, the diffusion terms become dominant, so we expect
the outer solution to satisfy a simpler, linearized version of the
original system. Assuming that the dominant behavior in this
regime is diffusive, we focus on the leading-order terms of the
system.

In the outer region (for large x and ¢), the behavior of the solution
must match the inner solution as x — 0 (or t — 0). Therefore, we
look for the asymptotic behavior of the outer solution as x — 0.
Typically, we assume that

Wi(x,t) ~Cy + % + -+, x—0, (101)
Wyx, t) ~Cy + x4 -+, x>0, (102)

where C;, C, are constants, and §, n are determined by solving the
outer equations in the small-x limit.

Now, we make use of Van Dyke’s matching principle, which
states that the inner expansion as x — co must match the outer
expansion as x — 0. Specifically, the terms in the inner expansion
in powers of x must match those in the outer expansion asx — 0.

From the inner expansion, we have the asymptotic behavior as
X — oo given in expressions (99) and (100). From the outer expan-
sion, we have the asymptotic behavior as x — 0, given in expres-
sions (101) and (102). We impose matching conditions by
equating the asymptotic behaviors of the inner and outer expan-
sions. This gives the following conditions:

1. The constant terms must match:
Al = Cl’ A2 = Cz.

2. The powers of x must match, giving the relationships
between the exponents. We hence require the following
exponent:

a= -6,
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and this value will fix a relation between f and 5 as it will be
further described.

3. The coefficients of the next-order terms must also match:

Bi(t) =t, By(t) =t.

To refine the matching, we solve for the exponents a, f3, 8§, by
performing a scaling analysis of the governing equations. This
involves balancing the dominant terms in the PDEs as x — oo
(for the inner solution) and as x — 0 (for the outer solution).

We start by considering the leading-order diffusion terms in the
inner expansion:

02w1 Bl (t)
a2 a2

Balancing this term with the reaction terms gives a relationship
for a. Similarly, for the outer solution, we balance the diffusion
terms with the reaction terms as x — 0:

W, t
e e

For the inner expansion, the leading-order diffusion term for

w; (x, t) in the governing PDE is given by "Z; , then

e o Al F xam

Puwl o ( m Bl(t)’").

Since the constant A" term vanishes after differentiation, we
focus on the second term:

azw}in 02 (Bl(t)m) o Bl(t)m (am)(am + 1)

axZ ax2 xom xam+2

Thus, the diffusion term scales as follows:

Pwl By (t)"am(am + 1)
E xam+2 :

Now, let us analyze the reaction term G(w;,w,). For large x,
G(w;, w,) behaves as follows:

Gwy, wy) ~ (1 = wy)(wy = py )ws.

By(t)

2, we have:

Assuming w,(x, t) ~ A, +

hBi(1)

wy; =hw; + (1 —h)w, ~hA, + (1 - h)A, + o 7

Thus, the reaction term scales as follows:

Glonwn)~ (1 55) (- + 2
hB () n (- hl);Bz(t)).

x* X

<hAl +(1-h)A, +

(1-h)By(1)

We consider that the reaction term scales as follows:

G
Glwy, wp) ~ 5
where C|(¢) is a function of time that depends on the constants
Aj,A,, Bi(t), B,(t). In the inner region, we balance the diffusion
term 7= Wwith the reaction term _i; to obtain a relationship
between a and f. Thus, we require:

p-2
m-1"

am+2=F+a, a=

This provides the first relation between the exponents « and f.
Now, consider the outer expansion for large x in Equation (101).
In the outer region, the dominant diffusion term for W (x,t)
behaves similarly, and we assume the form:

Wi(x,t) ~Cp 4+ x5 + -, x = 0.
The second derivative of W' with respect to x is as follows:

;wn s o -
0x21 ~oE (CIF + tmxm) = ¢ e (xom) = t"sm(6m — 1)xom-2,

Thus, the diffusion term scales as follows:

;Pwn
de x2—§m :

The reaction term G(W, W) in the outer region scales similarly
to:

Cy(t)
X8

GW . Wy) ~
where 7 is another exponent in Equation (102). Hence, the fol-
lowing relation holds after balancing the diffusion and reaction
terms in the outer regime:
2-1n

b=—.
m+1

2-m=n+9,
Using Van Dyke’s matching principle, the exponents from the
inner and outer expansions must satisfy:

a=-9.

Thus, we have the following relation between f and #:

p-2 n-2
m+1 m+1’

leading to  =#. From the matched-asymptotic derivation 7 is not
an exact value. The best value satisfies #7>0. If 7<0 then the
curvature blows up, infinite diffusion flux and is physically unac-
ceptable. So we assume 7 =2 because the diffusion controlled
outer region and ensures a smooth physical transition in the
outer region when x — 0, as expressed in Equation (102). Then,
we obtain § =0, which suggests that the outer solution grows as
X — 0, indicating that the flame front has a highly localized
behavior. Under this approach, the combustion is extremely
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rapid near the flame front, leading to a rapid change in the flame
pressure and temperature variables over a small region. Further-
more, we recall that the diffusion term for W, and the reaction
term G(W,,W,) scale differently. Selecting #=2 allows the
exponents of these terms to satisfy the scaling relationship nec-
essary for the dominant balance between diffusion and reaction,
ensuring that neither term overwhelms the other. As a conse-
quence of the selected value of 5, we have that /=2 and a=0.
We have then connected the inner (short-time) solution with the
outer (large-time or large-distance) solution for the flame propa-
gation model. By applying Van Dyke’s matching principle, we
ensure that the asymptotic behavior of the solutions is consistent
in both regimes.

9 | Conclusion

In this study, we developed a mathematical model to describe
flame propagation influenced by temperature and pressure using
the framework of nonlinear diffusion and porous structure the-
ory. The model is analyzed through several analytical techniques,
each contributing to a deeper understanding of flame dynamics.
First, the Hopf bifurcation analysis identified the equilibrium
points where the system’s solutions are asymptotically stable.
This provides a foundation for predicting the long-term behavior
of the flame under varying conditions. Second, we derived the
solution profiles using the traveling wave approach and geomet-
ric perturbation theory. These approaches allow us to capture the
behavior of the flame as it propagates through space and time.
Third, we demonstrated the existence of a finite speed of propa-
gation for the flame, ensuring that the model adheres to realistic
physical constraints. Fourth, we developed the numerical solu-
tion for perturbing the problem to validate our results. Finally, by
employing the method of matched asymptotic expansions, we
connected the short-time (inner) and large-time or large-distance
(outer) solutions. Through Van Dyke’s matching principle, we
ensured consistency between these regimes, providing a compre-
hensive view of the flame’s behavior across different time scales.

Overall, this work provided an analytical framework for under-
standing flame dynamics in a nonlinear diffusion context, taking
into account both short- and long-term behaviors. The conditions
for stability and propagation speed introduced practical informa-
tion into flame control and prediction. In future work, one can
extend this model to fourth-order partial differential equations.

Figure 6 shows that for T,,<0 and D,, >0, it follows that the real
parts of the eigenvalues remain negative for all admissible values
of n3, which ensures the stability of the system.

Figure 7 shows that for the particular values of T,,>0 and D,,>0
for n =1 with n; > 0. The sum and product of the roots are given
by —(T,) and D, respectively. Hence, both eigenvalues possess
negative real parts. This implies that the system is asymptotically
stable for all admissible values of n;.

Figure 8 shows that for the particular case T,,<0 and D, >0 for
n=1, and taking
mo nPuy

<y -4 - "1
A TR = )

1 Numerical vs. exact solution (a = 1)

0.6 F oo N

O b N

Wy (x)

—— Numerical
- - - Exact

FIGURE1 | Representation of solutions of Equation (61) for the case
t=1,e=0.1, h=0.5, ; =0.3, w;; =100, and a =1.

Numerical vs. exact solution (a = 1)

1 T T T T
0.8 1+ N\ v
0.6+ o N
)
=
L N L P
02 - el N
O 1 1 1
0 10 20 30 40 50
X
—— Numerical
- - - Exact

FIGURE 2 | Representation of solutions of Equation (62) for the case
t=1,£=0.1, h=0.5, y; =0.3, n; = 0.4, wy, =100, and a =1.

then, the real parts of both eigenvalues remain negative, ensuring
the asymptotic stability of the system.

Figures 1-5 show that the analytical and numerical solutions of
Section 5 are identical. The graph represents that the traveling
wave solutions for flame propagation in which the temperatures
w;(x) and w,(x) decrease from a high value to a low value as x
increases.

Figure 9 represents the variation of real parts of eigenvalues,
which are the function of k. The graph shows that for all values
k, the eigenvalues are negative and decrease exponentially.
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Numerical vs. exact solution (a = 1)
1 T T T

OB | N

0B [ - v re N

W, (x)

I R AL LR R RS RRRRRERRRR

02| oot N

0 . . .
0 10 20 30 40

—— Numerical
- - - Exact

FIGURE 3 | Representation of solutions of Equation (63) for the case
t=1,£=0.1, h=0.5, y; = 0.3, wy, =100, and a =1.

Exact vs. numerical solution of w,
2 T T T T

-3 L L L L

— Exact solution
- - - Numerical (ode45)

FIGURE 4 | Representation of solutions of Equation (65) for the case
t=1,n;=05,e¢=0.1, h=0.5, y; =0.3, w;o =100, and a =1.

Further if k increases, then the eigenvalues become more nega-
tive, which shows that as the diffusion effects increase, the high
frequency perturbation (or short wavelength) rapidly decays.
Also near to k=0, the eigenvalues are still negative but closed
to zero, which indicates the long-wavelength perturbations decay
slowly. So, the solution is stable.

Exact vs. numerical solution of w,
1.6 T T T T

Wi ()

— Exact solution
- - - Numerical (ode45)

FIGURE 5 | Representation of solutions of Equation (66) for the case
t=1,e=0.1, h=0.5, y; =0.3, wy; =100, and a =1.

Real parts of roots
5 T T T T T T T

g -10 R
2
3
~ -15¢ B
20+ ]
251 J
-30 ! ! ! ! ! ! !
-2 -1 0 1 2 3 4 5 6
n3
— A
— A

FIGURE 6 | Representation of solutions of Equation (7) for the case
m=2,1=25n=1,h=0.3,and y; =0.4.

Figures 10 and 11 represent the spatial profile of the perturba-
tions éw; and dw, at time ¢ = 10. It is shown that in most of the
domain éw; and dw, are zero, and close to the boundaries of sw,
the small negative deviation appears while close to the bound-
aries of éw, the small positive deviation appears, which shows
that the imposed disturbance does not have much effect. This
indicates that the solution is stable under a small disturbance.
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Real parts of eigenvalues
20 T T T T T T T

1 I S N PR N

Real part
(=)

-10 + . . . . . . . . . . . 4

-20 L L L L L L L

711
7/12

FIGURE 7 | Representation of solutions of Equation (13) for the case
m=2,1=3,n=1, h=0.3, and y; =0.4.

Real parts of eigenvalues
5 T T T

Real part

-20 -15 -10 -5 0
ny
R /11

FIGURE 8 | Representation of solutions of Equation (20) for the case
m=2,1=3,n=1,h=0.3, and y; =0.4.

Real parts of eigenvalues vs. k

5 T

Re (M)

— Re(dp
--- Re(dy)

FIGUREY9 | Representation of solutions of Equations (80) and (81) for
the case m =2, h=0.3, y; =0.4, wy;,=0.5, and wy; =0.6.

Solution at t = 10
0.005 T T T T T T T

-0.005 -+ - |

_0_01.‘...‘; ..... ...... ..... ...... ..... ...... B

Swy (x.t)

-0.015 - - |

002 b

-0.025 : - : : : :
<400 -300 -200 -100 0 100 200 300 400

X

FIGURE10 | Representation of solutions of Equation (93) for the case
t=10.m=2,h=0.3, u; =0.4, k=1, wi, = 0.9w,, = 0.9, 5, = 0.05, and
5159 = 0.06.
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g x1073 Swyatt=10
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FIGURE11 | Representation of solutions of Equation (94) for the case
t=10,m=2, h=03, y; =0.4, k=1, wy; = 0.9w,; = 0.9, 5, = 0.05, and
Sty = 0.06.
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