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ABSTRACT
In this article, we consider a model for flame propagation dynamics influenced by both temperature and pressure. The model is

based on nonlinear diffusion and incorporates elements from porous structure theory within the framework of partial differential

equations. Initially, Hopf bifurcation analysis is used to identify equilibrium points where the system exhibits asymptotic stability.

Subsequently, the solution profiles are derived using a combination of traveling wave solutions and geometric perturbation

theory. The existence of finite propagation speed is demonstrated, and conditions for the stability of the system are established.

Furthermore, through the method of matched asymptotic expansions, the inner (short-time) and outer (long-time or large-

distance) solutions are connected, ensuring consistency in the asymptotic behavior across both regimes via Van Dyke’s matching

principle. Numerical simulations are also used to validate the results.

1 | Introduction

In various fields such as climate change, combustion, chemical
kinetics, biology, and transport processes, the chemical and phys-
ical investigation in porous media plays a significant role (details
for climate change and combustion are provided in [1–3],
respectively).

The study of flame propagation in porous media has been a
subject of great interest from both practical and theoretical per-
spectives. The model of flame propagation in the current article is
derived from a classical parabolic model, incorporating a nonlin-
ear diffusion term. Mathematically, it is described as follows:

∂w1

∂t
¼ ∂2wm

1

∂x2
þ G w1;w2ð Þ ð1Þ

∂w2

∂t
¼ ɛ

∂2wm
2

∂x2
þ G w1;w2ð Þ; ð2Þ

wherew1 and w1 represent the physical variables for temperature
and pressure (see [4]) as follows:

T x; tð Þ ¼ hw1 x; tð Þ þ 1 − hð Þw2 x; tð Þ;P x; tð Þ
¼ 1

1 − bɛ w1 x; tð Þ − bɛw2 x; tð Þð Þ;

where bɛ is the relation between the thermal driven and pressure
driven diffusivities. If Gðw1;w2Þ: ¼ð1−w2Þ:ðhw1 þð1 − hÞw2Þ:

with m¼ 1 and h2 ½0; 1� :, then Equations (1) and (2) represent a
model in combustion theory. Fisher [5] was one of the first
researchers to obtain useful results for this combustion model
in the cases h¼ 0 and h¼ 1. Later, Billingham and Needham
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[6] extended these results while working on genetic interactions
in population dynamics. A few years later, Kolmogorov et al. [7]
considered only Equation (2) with h¼ 0 andm¼ 1, obtaining the
existence of solutions. The results for traveling waves analysis
under the assumption h¼ 0 and m¼ 1 are obtained by Weinber-
ger [8].

Shchelkin [9] studied the flow of gases in a tube geometry and
used traveling wave analysis to obtain solutions. Brailovsky et al.
[10] studied high hydraulic resistance in porous media and
obtained exact solutions. In [4] and [11], Gordon introduced
new variables, such as the concentration, pressure, and tempera-
ture of the deficient reactant, and obtained useful results for the
system Equations (1) and (2) with m¼ 1. Later, Ghazaryan and
Gordon [12] obtained exact solutions using a linear transforma-
tion between temperature and pressure variables.

If Gðw1;w2Þ: ¼ð1−w2Þ:ðw2 − μ1Þ:ðhw1 þð1 − hÞw2Þ :, where h2 ½0;
1� : and μ1 2 ½0; 1� :, this type of nonlinearity is called bi-stable. This
nonlinearity was used by Aronson and Weinberger [13]. Kanel
[14] considered a one-dimensional bi-stable reaction case with
m¼ 1 and used traveling wave theory to prove the existence of a
solution with positive wave speed. Roussier [15] studied bi-stable
nonlinearity with w2 ¼w1 and obtained the asymptotic behavior
of the solution for Equation (1). Recently, Rahman and Palencia
[16] used the p-Laplacian operator instead of the Gaussian diffu-
sion operator and obtained analytical and computational results.

If m¼ 1 then the diffusion term is linear and the system (1) and
(2) have many applications. For example, in the spatiotemporal
SI model (Chen et. al [17]) and the zooplankton-phytoplankton
model (Chen and Tian [18]). The main difference between the
model in this article and previous models is the introduction of a
nonlinear diffusion term instead of a linear one. The idea of
introducing nonlinear diffusion was proposed in [19], where the
author suggested different types of diffusion for various biological
applications. In that work, nonlinear diffusion was used in a
flame propagationmodel, and analytical solutions were obtained.
The purpose of using the nonlinear diffusion term here is to study
its effect on the model. Several scientists have worked in this
direction, including [20–22].

Therefore, taking into account the bi-stable nonlinearity, let us
consider Equations (1) and (2):

∂w1

∂t
¼ ∂2wm

1

∂x2
þ 1 − w2ð Þ w2 − μ1ð Þ hw1 þ 1 − hð Þw2ð Þ;

∂w2

∂t
¼ ε

∂2wm
2

∂x2
þ 1 − w2ð Þ w2 − μ1ð Þ hw1 þ 1 − hð Þw2ð Þ;

ð3Þ

where h2 ð0; 1Þ :, x 2R, μ1 2 ð0; 1Þ:, w1ðx; 0Þ: ¼w10ðxÞ:>0, and w2ðx;
0Þ: ¼w20ðxÞ:>0, with m>1 belongs to integer, ε2 ð0; 1Þ :, and
ðw10ðxÞ;w20ðxÞÞ: 2 L1ðRÞ: ∩ L1ðRÞ:.

The present study contributes to the expanding literature on
nonlinear diffusion flame models by incorporating porous-
medium-type nonlinear diffusion into a coupled reaction-diffu-
sion framework. In comparison to classical flame models with
linear diffusion, the nonlinear diffusion exponent significantly

affects the bifurcation thresholds, stability properties, and
dynamical behavior of the system. The proposed model shares
important features with porous medium and p-Laplacian diffu-
sion equations, both of which describe diffusion processes whose
intensity depends on the state variable. The present work empha-
sizes that with the increase of nonlinear diffusion exponent m,
the solution converges slowly and plays an active role in shaping
oscillatory flame dynamics.

The objective of Section 2 is to perform a Hopf bifurcation analy-
sis of the model (3). The approach follows Guo et al. [23], and we
obtain equilibrium points where the solution of the system is
asymptotically stable. Chen with other authors in [24–28], also
used the Hopf bifurcation analysis and obtain the existence and
stability for the solutions of predator–prey models. In Section 3,
we use the traveling wave approach to convert the system of
ordinary differential equations and then use the condition in
which the solutions of the system converge. In Section 4, we
use the geometric perturbation theory to perturb the problem.
In Section 5, we obtain the analytical solution for perturbed the
problem which is given in Section 4. In Section 6, we develop the
numerical solution perturbed by the problem to validate our
results. In Section 7, we obtain the unsteady solution close to
the steady solution. In Section 8, we use the matched asymptotic
expansions to connect the inner and outer solutions. The unpub-
lished work by Rahman et al. [29] is available at SSRN.

2 | Hopf Bifurcation Analysis

In this section, we depart from the work by Guo et al. [23]. The
idea is to find the equilibrium points where the asymptotic solu-
tions are stable.

It is easily checked that for ðn1; n2;n3Þ: 2R and μ1 2 ð0; 1Þ: then
ðn1; 1Þ:, ðn2; μ1Þ: and ð− ð1−hÞn3

h ; n3Þ:, are the equilibrium points for
the system (3) and we constrain the problem to the spatial
domain Ω¼ð0; lπÞ:. Also, it is a well-known result that given the
operator w1 → −

∂2w1
∂x2 with w1 being null at the boundary, the

corresponding eigenvalue problem is as follows:

ϕ00 þ kϕ¼ 0   with  ϕ 0ð Þ ¼ ϕ lπð Þ ¼ 0 ð4Þ

which has the set of eigenvalues kn ¼ n2

l2 ðn¼ 0; 1; 2;…Þ : and
eigenfunctions ϕn ¼ sin n

l x, for n¼ 0; 1; 2;… The system (3) is
linearized at the equilibrium point ð− ð1−hÞn3

h ; n3Þ: and leads to:

∂w1

∂t
∂w2

∂t

0B@
1CA¼ L

w1

w2

� �
:¼D

∂2w1

∂x2
∂2w2

∂x2

0BB@
1CCA

þ h 1 − n3ð Þ n3 − μ1ð Þ 1 − hð Þ 1 − n3ð Þ n3 − μ1ð Þ
h 1 − n3ð Þ n3 − μ1ð Þ 1 − hð Þ 1 − n3ð Þ n3 − μ1ð Þ

� �
w1

w2

� �
;

ð5Þ

where D¼ diagðmððh−1Þn3h Þm−1;mðn3Þm−1Þ: is the diffusion matrix.
Consider the characteristic equation Lðϕ;ψÞ: ¼ λðϕ;ψÞ: and let ðϕ;
ψÞ: ¼Σ1

n¼0ðan; bnÞ:sin n
l x, then we can find Σ1

n¼0ðJn − λIÞ
:ðan; bnÞTsin n

l x¼ 0, where
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Jn : ¼ J −
n
l

� �
2
D

¼
h 1 − n3ð Þ n3 − μ1ð Þ −m

n
l

� �
2 h − 1ð Þn3

h

� �
m−1

1 − hð Þ 1 − n3ð Þ n3 − μ1ð Þ

h 1 − n3ð Þ n3 − μ1ð Þ 1 − hð Þ 1 − n3ð Þ n3 − μ1ð Þ −m
n
l

� �
2
n3ð Þm−1

0BB@
1CCA;

ð6Þ

for the characteristic equation, by taking jJn − λIj : ¼ 0, we obtain:

λ2 − Tnλþ Dn ¼ 0; ð7Þ

where

Tn ¼ 1 − n3ð Þ n3 − μ1ð Þ −mn2nm−1
3

l2
h − 1
h

� �
m−1

þ 1

� �
; ð8Þ

and

Dn ¼
m2n4n2m−2

3

l4
h − 1
h

� �
m−1

−
mn2nm−1

3

l2
1 − n3ð Þ n3 − μ1ð Þ hþ h − 1ð Þm

hm−1

� �
:

ð9Þ

When n≪ l and n3 2 ð−1; μ1� ∪ ð1;1Þ:, we have Tn<0
and Dn>0.

Now, define ζnðλÞ: ¼ λ2 −TnλþDn. For n≥ 0, the above condi-
tions imply that Tn<0 and Dn>0. Therefore, for any n≥ 0, the
roots ζ1;n and ζ2;n of the equation ζnðλÞ: ¼ 0 are negative.

Next, we need to show that there exists δ>0, which is indepen-
dent of n, such that ζ1;n ≤ − δ and ζ2;n ≤ − δ. Suppose λ¼n2λ,
then we have

ζn λð Þ ¼ n4λ2 − n2Tnλþ Dn ¼ ψn ζð Þ:

After solving, we get:

lim
n→1

ψn ζð Þ
n4

¼ ζ2 þmnm−1
3

l2
h − 1
h

� �
m−1

þ 1

� �
ζ

þ m2n2m−2
3

l4
h − 1
h

� �
m−1

:
ð10Þ

This equation shows that for large n, the roots of ψnðζÞ: are nega-
tive. Therefore, we can choose δ such that ζ1;n ≤ − δ and ζ2;n ≤ −

δ, which implies that the system (3) is asymptotically stable at the
equilibrium point ð− ð1−hÞn3

h ; n3Þ:. For the equilibrium point ðn1;
1Þ:, the linearized form of system (3) is as follows:

∂w1

∂t
∂w2

∂t

0B@
1CA ¼ L

w1

w2

� �
:¼D

∂2w1

∂x2
∂2w2

∂x2

0BB@
1CCA

þ 0 − 1 − μ1ð Þ hn1 þ 1 − hð Þ
0 − 1 − μ1ð Þ hn1 þ 1 − hð Þ

� �
w1

w2

� �
;

ð11Þ

where D¼ diagðmnm−1
1 ;mÞ: is the diffusion matrix. Consider the

characteristic equation Lðϕ;ψÞ: ¼ λðϕ;ψÞ:. Let ðϕ;ψÞ : ¼∑1
n¼0ðan;

bnÞ:sin n
l x. Then we can find:

∑
1

n¼0
Jn − λIð Þ an; bnð ÞTsin n

l
x ¼ 0;

where

Jn :¼J −
n
l

� �
2
D¼

−
n
l

� �
2
mnm−1

1 − 1 − μ1ð Þ hn1 þ 1 − hð Þ

0 − 1 − μ1ð Þ hn1 þ 1 − hð Þ − n
l

� �
2
m

0B@
1CA: ð12Þ

For the characteristic equation, we take jJn − λIj : ¼ 0, giving:

λ2 þ Tnλþ Dn ¼ 0; ð13Þ

where

Tn ¼ 1 − μ1ð Þ hn1 þ 1 − hð Þ þ n2m
l2

þ n2mnm−1
1

l2
; ð14Þ

and

Dn ¼
n2m
l2

1 − μ1ð Þ hn1 þ 1 − hð Þ þ n4m2nm−1
1

l4
: ð15Þ

If n1 ≥ 0, then Tn>0 and Dn>0.

Now, suppose ζnðλÞ : ¼ λ2 þTnλþDn, and for n≥ 0, n1 ≥ 0, we
have Tn>0 and Dn>0. Therefore, for any n≥ 0 and ζnðλÞ: ¼ 0, the
roots ζ1;n and ζ2;n are negative.

Next, we need to show that there exists δ>0, independent of n,
such that ζ1;n ≤ − δ and ζ2;n ≤ − δ. Suppose λ¼ n2λ, then:

ζn λð Þ ¼ n4λ2 − n2Tnλþ Dn ¼ ψn ζð Þ:

After solving, we get:

lim
n→1

ψn ζð Þ
n4

¼ ζ2 þ m
l2
þmnm−1

1

l2

� �
ζ þm2n2m−2

1

l4
: ð16Þ

This equation shows that for large n, the roots of ψnðζÞ: are nega-
tive. Therefore, we can choose δ such that ζ1;n ≤ − δ and ζ2;n ≤ −

δ, which shows that the system (3) is asymptotically stable at the
equilibrium point ðn1; 1Þ:. For the equilibrium point ðn2; μ1Þ:, the
linearized form of system (3) is as follows:
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∂w1

∂t
∂w2

∂t

0B@
1CA ¼ L

w1

w2

� �
:¼D

∂2w1

∂x2
∂2w2

∂x2

0BB@
1CCA

þ
0 1 − μ1ð Þ hn2

μ1
þ 1 − h

� �
0 1 − μ1ð Þ hn2

μ1
þ 1 − h

� �
0BB@

1CCA w1

w2

� �
;

ð17Þ

where D¼ diagðmnm−1
2 ;mμm−1

1 Þ: is the diffusion matrix.

Consider the characteristic equation Lðϕ;ψÞ : ¼ λðϕ;ψÞ:. Let ðϕ;ψÞ
: ¼∑1

n¼0ðan; bnÞ:sin n
l x. Then, we can find:

∑
1

n¼0
Jn − λIð Þ an; bnð ÞTsin n

l
x ¼ 0;

where

Jn :¼J −
n
l

� �
2
D¼

−
n
l

� �
2
mnm−1

2 1 − μ1ð Þ hn2
μ1

þ 1 − h

� �
0 1 − μ1ð Þ hn2

μ1
þ 1 − h

� �
−

n
l

� �
2
mμm−1

1

0BBB@
1CCCA: ð18Þ

For the characteristic equation, taking jJn − λIj : ¼ 0, we have:

λ2 − Tnλþ Dn ¼ 0; ð19Þ

where

Tn ¼ 1 − μ1ð Þ hn2
μ1

þ 1 − h

� �
−
n2mμm−1

1

l2
−
n2mnm−1

2

l2
; ð20Þ

and

Dn ¼ −
n2m
l2

1 − μ1ð Þ hn2
μ1

þ 1 − h

� �
þ n4m2nm−1

2 μm−1
1

l4
: ð21Þ

If n2 ≤ μ1 −
μ1
h þ n2mμm1

hl2ð1−μ1Þ, then Tn<0 and Dn>0.

Assume βnðλÞ : ¼ λ2 þTnλþDn, and for n≥ 0, n2 ≤ μ1 −
μ1
h þ

n2mμm1
hl2ð1−μ1Þ, we have Tn<0 and Dn>0. Therefore, for any n≥ 0 and
βnðλÞ: ¼ 0, the roots β1;n and β2;n are negative.

Next, we need to show that there exists δ>0, independent of n,
such that β1;n ≤ − δ and β2;n ≤ − δ. Suppose λ¼ n2λ, then:

βn λð Þ ¼ n4λ2 − n2Tnλþ Dn ¼ ψn βð Þ:

After solving, we get:

lim
n→1

ψn βð Þ
n4

¼ β2 þ mμm−1
1

l2
þmnm−1

2

l2

� �
β þm2nm−1

2 μm−1
1

l4
:

ð22Þ

This equation shows that for large n, the roots of ψnðβÞ: are nega-
tive. Therefore, we can choose δ such that β1;n ≤ − δ and β2;n ≤ −

δ, which shows that the system (3) is asymptotically stable at the
equilibrium point ðn2; μ1Þ:.

It is noted that the Hopf bifurcationmechanism results of model (3)
areobtainedby the interactionbetween thenonlinear reactionkinet-
ics and the nonlinear porous-medium diffusion. The reaction term
ðð1 − w2Þðw2 − μ1Þðhw1 þ ð1 − hÞw2ÞÞ: provides the nonlinear
response which is responsible for disrupting the steady state and the
cause of oscillatory dynamics. At the same time, the nonlinear diffu-
sion exponent ðmÞ: occurs in the coefficients of the characteristic

equation which affect both the trace and determinant of the linear-
ized system. Consequently, the critical conditions for Hopf bifurca-
tion depend not only on the reaction parameters but also on the
strength of nonlinear diffusion. This illustrates that the start of peri-
odic oscillations is governed by the coupling of nonlinear reaction
and nonlinear diffusion effects. In comparison to classical reaction-
diffusion models with linear diffusion, the present analysis reveals
that the increaseofm the solutionconverges slowly,whichaffects the
stability properties and bifurcation thresholds.

3 | Traveling Waves Analysis

The purpose of this section is to employ traveling waves to derive
the solution profiles for the system (3). To accomplish this, we
assume that:

w1 x; tð Þ ¼ G4 ζð Þ;  w2 x; tð Þ ¼ G5 ζð Þ;

where ζ¼ x − at 2R and a represents the wave propagation
speed. The functions:

G4 :R→ 0;1ð Þ;  G5 :R→ 0;1ð Þ;

are bounded, that is, G4 2 L1ðRÞ:;G5 2 L1ðRÞ:. Substituting the
traveling wave assumption into the system (3), we obtain:

− aG0
4 ¼ Gm

4ð Þ00 þ 1 − G5ð Þ G5 − μ1ð Þ hG4 þ 1 − hð ÞG5ð Þ;
ð23Þ

− aG0
5 ¼ Gm

5ð Þ00 þ 1 − G5ð Þ G5 − μ1ð Þ hG4 þ 1 − hð ÞG5ð Þ;
ð24Þ

to investigate the solutions in the phase space, we define the
following variables representing density and flux:

X4 ¼ G4 ζð Þ;  Y4 ¼ Gm
4 ζð Þð Þ0;  X5 ¼ G5 ζð Þ;  Y5 ¼ Gm

5 ζð Þð Þ0:
ð25Þ

Substituting (25) into the system (23) and (24), we can rewrite the
system as follows:

4 of 18 Advances in Mathematical Physics, 2026
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X 0
4 ¼ 1

m
X1−m
4 Y4;

Y 0
4 ¼ −a

m
X1−m
4 Y4 − 1 − X5ð Þ X5 − μ1ð Þ hX4 þ 1 − hð ÞX5½ �;

X 0
5 ¼ 1

m
X1−m
5 Y5;

Y 0
5 ¼ −a

m
X1−m
5 Y5 − 1 − X5ð Þ X5 − μ1ð Þ hX4 þ 1 − hð ÞX5½ �:

ð26Þ

The system (26) has critical points at ðn1; 0; 1; 0Þ:, ðn2; 0; μ1; 0Þ:,
and ð−ð1−hÞn3h ; 0;n3; 0Þ :.

Theorem 1. The traveling wave solution of the system (26) close
to critical points ðn1; 0; 1; 0Þ:, ðn2; 0; μ1; 0Þ: and ð−ð1−hÞn3h ; 0;n3; 0Þ:

are stable.

Proof. For the point ðX4;Y4;X5;Y5Þ: ¼ðn1; 0; 1; 0Þ:, we state the
following lemma. □

Lemma 1. The critical point ðn1; 0; 1; 0Þ: corresponds to a degen-
erate node with the following properties:

• For hð1− n1Þ:>1, there are three negative eigenvalues and one
zero eigenvalue.

• For hð1−n1Þ:<1, there are one zero, one positive, and two
negative eigenvalues.

Moreover, close to critical point ðn1; 0; 1; 0Þ:, the traveling wave
solution of the system is stable.

Proof. Let us suppose that in proximity to the stationary condi-
tion:

X̄4 ¼ −X4 þ 1;  X4<<1: ð27Þ

Under this assumption, the system (26) can be represented as
follows in the vicinity of the stationary condition:

X 0
3

Y 0
3

X̄4
0

Y 0
4

0BBBB@
1CCCCA¼

0
1
m

n1ð Þ1−m 0 0

0 −
a
m

n1ð Þ1−m μ1 − 1ð Þ h 1 − n1ð Þ − 1ð Þ 0

0 0 0
1
m

0 0 μ1 − 1ð Þ h 1 − n1ð Þ − 1ð Þ −
a
m

0BBBBBBBBB@

1CCCCCCCCCA
X3

Y3

X̄4

Y4

0BBBB@
1CCCCA:

ð28Þ

The eigenvalues of the system are given as follows:

λ01; λ02; λ03; λ04ð Þ¼

0;−
a
m
n1−m1

�
;−

a
2m

þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

m2 −
4 1 − μ1ð Þ h 1 − n1ð Þ − 1½ �

m

r
;

−
a
2m

−
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

m2 −
4 1 − μ1ð Þ h 1 − n1ð Þ − 1½ �

m

r �
:

ð29Þ
The nonnegative eigenvalues exist if:

a2 − 4m 1 − μ1ð Þ h 1 − n1ð Þ − 1½ � ≥ 0 and

  1 − μ1ð Þ h 1 − n1ð Þ − 1½ � ≤ 0:
ð30Þ

The minimum wave speed amin is given as follows:

amin ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m 1 − μ1ð Þ h 1 − n1ð Þ − 1½ �p

: ð31Þ

The minimum speed exists if hð1−n1Þ:>1. The corresponding
exponential profiles are as follows:

X4 ¼ E3e−λ
0
3 t;  E3>0;

 λ03 ¼ −
a
2m

þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

m2 −
4 1 − μ1ð Þ h 1 − n1ð Þ − 1½ �

m

r
;

ð32Þ

and

X5 ¼ E4e−λ
0
4 t;  E4 2 R;

 λ04 ¼ −
a
2m

−
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

m2 −
4 1 − μ1ð Þ h 1 − n1ð Þ − 1½ �

m

r
:

ð33Þ

These expressions indicate that the wave solutions converge to
the critical point ðn1; 0; 1; 0Þ:. □

Lemma 2. The degenerate node is associated with the critical
point ðn2; 0; μ1; 0Þ : and has the following properties:

• For hðμ1 −n2Þ:>μ1, there are three negative eigenvalues and
one zero eigenvalue.

• For hðμ1 − n2Þ:<μ1, there are one zero, one positive, and two
negative eigenvalues.

Moreover, close to critical point ðn2; 0; μ1; 0Þ:, the traveling wave
solution of the system is stable.

Proof. Let us make the assumption that in proximity to the
stationary condition:

X̄4 ¼ −μþ X4;  X4<<1: ð34Þ

Under this assumption, the system (26) can be represented as
follows in the vicinity of the stationary condition:

X 0
3

Y 0
3

X̄4
0

Y 0
4

0BBBB@
1CCCCA¼

0
1
m

n2ð Þ1−m 0 0

0 −
a
m

n2ð Þ1−m μ1 − 1ð Þ h μ1 − n2ð Þ − μ1ð Þ 0

0 0 0
1
m

μ1ð Þ1−m

0 0 μ1 − 1ð Þ h μ1 − n2ð Þ − μ1ð Þ −
a
m

μ1ð Þ1−m

0BBBBBBBBB@

1CCCCCCCCCA

X3

Y3

X̄4

Y4

0BBBB@
1CCCCA: ð35Þ

□
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The corresponding eigenvalues are given as follows:

λ05; λ06; λ
0
7; λ

0
8ð Þ ¼ 0;−

an1−m2

m

�
;

−
aμ1−m1

2m
þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aμ1−m1

m

� �
2

þ 4μ1−m1 1 − μ1ð Þ μ1 − h μ1 − n2ð Þ½ �
m

s
;

−
aμ1−m1

2m
−
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aμ1−m1

m

� �
2

þ 4μ1−m1 1 − μ1ð Þ μ1 − h μ1 − n2ð Þ½ �
m

s
Þ:

ð36Þ

The nonnegative eigenvalues exist if:

n2 ≤
1
h

μ1 h − 1ð Þ − a2μ1−m1

4m 1 − μ1ð Þ
� �

  and  

1 − μ1ð μ1 − h μ1 − n2ð Þ½ � ≥ 0:
ð37Þ

The minimum wave speed amin is as follows:

amin ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m 1 − μ1ð Þ h μ1 − n2ð Þ − μ1½ �μm−1

1

p
: ð38Þ

The minimum speed exists if hðμ1 −n2Þ:>μ1. The exponential
profile of the solution is as follows:

X4 ¼ E7e−λ
0
7 t;  E7>0;  λ07 ¼ −

aμ1−m1

2m

þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aμ1−m1

m

� �
2

þ 4μ1−m1 1 − μ1ð Þ μ1 − h μ1 − n2ð Þ½ �
m

s
;

ð39Þ

and

X5 ¼ E8e−λ
0
8 t;  E8 2 R;  λ08 ¼ −

aμ1−m1

2m

−
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aμ1−m1

m

� �
2

þ 4μ1−m1 1 − μ1ð Þ μ1 − h μ1 − n2ð Þ½ �
m

s
:

ð40Þ

These expressions indicate that the wave solutions converge near
the critical point ðn2; 0; μ1; 0Þ:.

Lemma 3. The degenerate node is associated with the critical
point ð−ð1−hÞn3h ; 0; n3; 0Þ:, with the following properties:

• For ð1−n3Þ:ðn3 − μ1Þ:<0, there are three negative eigenvalues
and one zero eigenvalue.

• For ð1−n3Þ:ðn3 − μ1Þ :>0, there are one zero, one positive, and
two negative eigenvalues.

Moreover, close to critical point ð−ð1−hÞn3h ; 0;n3; 0Þ :, the traveling
wave solution of the system is stable.

Proof. Let us make the assumption that in the vicinity of the
stationary condition:

X̄4 ¼ −X4 þ n3;  X4<<1: ð41Þ

Under this assumption, the system (26) can be represented as
follows in its proximity to the stationary condition:

X 0
3

Y 0
3

X̄4
0

Y 0
4

0BBBB@
1CCCCA¼

0
1
m

− 1 − hð Þn3
h

� �
1−m

0 0

0 −
a
m

− 1 − hð Þn3
h

� �
1−m

1 − n3ð Þ n3 − μ1ð Þ 1 − hð Þ 0

0 0 0
1
m

n3ð Þ1−m

0 0 1 − n3ð Þ n3 − μð Þ 1 − hð Þ −
a
m

n3ð Þ1−m

0BBBBBBBBBBB@

1CCCCCCCCCCCA

X3

Y3

X̄4

Y4

0BBBB@
1CCCCA: ð42Þ

The corresponding eigenvalues are as follows:

λ09; λ
0
10; λ

0
11; λ

0
12ð Þ ¼ 0;−

a
m

− 1 − hð Þn3
h

� �
1−m

;

�
−
an1−m

3

2m
þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
an1−m

3

m

� �
2

þ 4n1−m3 1 − n3ð Þ n3 − μ1ð Þ 1 − hð Þ
m

s
;

−
an1−m3

2m
−
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
an1−m3

m

� �
2

þ 4n1−m3 1 − n3ð Þ n3 − μ1ð Þ 1 − hð Þ
m

s !
:

ð43Þ

The nonnegative eigenvalues are given as follows:

n3>μ1 and 0<n3<1: ð44Þ

The minimum wave speed amin is as follows:

amin ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m 1 − hð Þ 1 − n3ð Þ n3 − μ1ð Þ

n1−m3

s
: ð45Þ

The solution in exponential form is as follows:

X4 ¼ E11e
−λ011 t;   E11>0;   λ011 ¼ −

an1−m
3

2m

þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
an1−m

3

m

� �
2

þ 4n1−m3 1 − n3ð Þ n3 − μ1ð Þ 1 − hð Þ
m

s
;

ð46Þ
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and

X5 ¼ E12e−λ
0
12 t;   E12 2 R;  λ012 ¼ −

an1−m
3

2m

−
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
an1−m

3

m

� �
2

þ 4n1−m3 1 − n3ð Þ n3 − μ1ð Þ 1 − hð Þ
m

s
:

ð47Þ

These expressions show that the wave solutions converge near
the critical point ð−ð1−hÞn3h ; 0;n3; 0Þ:. □

4 | Geometric Perturbation Theory

The purpose of this section is to apply perturbation theory to
develop a perturbed manifold near the critical points of the sys-
tem (26). This technique helps us obtain traveling wave solutions.
We begin by defining the manifold Ω2, which is close to the
critical point ðn1; 0; 1; 0Þ:, as follows:

Ω2 ¼ X 0
4 ¼

1
m
X4

1−mY4;  Y 0
4 ¼

−a
m

X4
1−mY4

� �
: ð48Þ

The perturbed manifold close to Ω2 is given as follows:

Ω2;ɛ ¼

X4 ¼ n1;

X5 ¼ 1 − ɛ;

X 0
4 ¼

1
m
X1−m
4 Y4;

Y 0
4 ¼

−a
m

X1−m
4 Y4 − 1 − ɛ − μ1ð Þ hX4 þ 1 − hð Þ 1 − ɛð Þ½ �ɛ

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
; ð49Þ

where ɛ is a small parameter. Similarly, we define the manifold
Ω3, which is close to the critical point ðn1; 0; 1; 0Þ:, as follows: Ω3 ¼

X 0
5 ¼

1
m
X1−m
5 Y5;

Y 0
5 ¼

−a
m

X1−m
5 Y5

8><>:
9>=>;: ð50Þ

The perturbed manifold close to Ω3 is defined as follows:

Ω3;ɛ ¼

X4 ¼ n1;

X5 ¼ 1 − ɛ;

X 0
5 ¼

1
m
X1−m
5 Y5;

Y 0
5 ¼

−a
m

X1−m
5 Y5 − 1 − ɛ − μ1ð Þ hn1 þ 1 − hð ÞX5½ �ɛ

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
: ð51Þ

Next, we define the two-dimensional manifold Ω4, which is close
to the critical point ðn2; 0; μ1; 0Þ:: Ω4 ¼

X 0
4 ¼

1
m
X1−m
4 Y4;

Y 0
4 ¼

−a
m

X1−m
4 Y4

8><>:
9>=>;: ð52Þ

The perturbed manifold close to Ω4 is given as follows:

Ω4;ɛ ¼

X4 ¼ n2;

X5 ¼ μ1 þ ɛ;

X 0
4 ¼

1
m
X1−m
4 Y4;

Y 0
4 ¼

−a
m

X1−m
4 Y4 − 1 − μ1 − ɛð Þ hX4 þ 1 − hð Þ μ1 þ ɛð Þ½ �ɛ

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
: ð53Þ

We also define the manifold Ω5 as follows:

Ω5 ¼
X 0
5 ¼

1
m
X1−m
5 Y5;

Y 0
5 ¼

−a
m

X1−m
5 Y5

8><>:
9>=>;: ð54Þ

The perturbed manifold Ω5;ɛ is given as follows:

Ω5;ɛ ¼

X4 ¼ n2;

X5 ¼ μ1 þ ɛ;

X 0
5 ¼

1
m
X1−m
5 Y5;

Y 0
5 ¼

−a
m

X1−m
5 Y5 − 1 − μ1 − ɛð Þ hn2 þ 1 − hð ÞX5½ �ɛ

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
:

ð55Þ
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Finally, close to the critical point ð−ð1−hÞn3h ; 0;n3; 0Þ:, we define the
manifold Ω6 as follows: Ω6 ¼

X 0
4 ¼

1
m
X1−m
4 Y4;

Y 0
4 ¼

−a
m

X1−m
4 Y4

8><>:
9>=>;: ð56Þ

The perturbed manifold close to Ω6 is given as follows:

Ω6;ɛ ¼

X4 ¼
− 1 − hð Þn3

h
þ ɛ;

X5 ¼ n3;

X 0
4 ¼

1
m
X1−m
4 Y4;

Y 0
4 ¼

−a
m

X1−m
4 Y4 − 1 − n3ð Þ n3 − μ1ð Þ hX4 þ 1 − hð Þn3ð Þ

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
: ð57Þ

Finally, the manifold Ω7 is defined as follows:

Ω7 ¼
X 0
5 ¼

1
m
X1−m
5 Y5;

Y 0
5 ¼

−a
m

X1−m
5 Y5

8><>:
9>=>;: ð58Þ

The perturbed manifold close to Ω7 is given as follows:

Ω7;ɛ ¼

X4 ¼
− 1 − hð Þn3

h
þ ɛ;

X5 ¼ n3;

X 0
5 ¼

1
m
X1−m
5 Y5;

Y 0
5 ¼

−a
m

X1−m
5 Y5 − h 1 − n3ð Þ X5 − μ1ð Þɛ

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
: ð59Þ

From [14], the manifoldsΩi, where i¼ 2; 3;…; 7, satisfy the Feni-
chel invariant manifold theorem. Additionally, the newly defined
perturbed manifolds Ωi;ɛ, where i¼ 2; 3;…; 7, provide analytical
profiles of the solutions. Furthermore, the distance between the
manifolds Ωi and Ωi;ɛ for i¼ 2; 3;…; 7 satisfies the normal hyper-
bolic condition. The profiles of traveling waves can be derived by
using either the dimensionally reduced manifolds Ωi, where i¼
2; 3;…; 7, or their asymptotic counterparts Ωi;ɛ.

5 | Traveling Wave Profiles and Finite Propagation

The perturbed manifold Ω2;ɛ, yields a set of trajectories in the
phase plane ðX4;Y4Þ: by solving the following equation:

dY4

dX4
¼ −aþm 1 − ɛ − μ1ð Þ hX4 þ 1 − hð Þ 1 − ɛð Þð Þ½ �

ɛXm−1
4

1
Y4

¼H a;X4;X5;Y4ð Þ:
ð60Þ

where 0<X4<n1;  0<X5<1, and Y4>0. The above equation
shows that for a<0 then dY4

dX4
>0 and for increasing values of a

then dY4
dX4

<0: Since Hða;X4;X5;Y4Þ: is continuous, then there
exists regular trajectory by solving the following equation

− a −m 1 − μ1ð Þ hX4 þ 1 − hð Þð Þ½ �
ɛXm−1

4
1
Y4

¼H a;X4;X5;Y4ð Þ ¼ 0;

where ɛ2 → 0: After using Equation (25), we have

− a Gm
4ð Þ0 −m 1 − μ1ð Þ hG4 þ 1 − hð Þð Þ½ �ɛGm−1

4 ¼ 0:

After solving the above equation, we have

G4 x; tð Þ ¼ − 1 − hð Þ
h

þ w10 xð Þ þ 1 − hð Þ
h

� �
e−

ɛh 1−μ1ð Þζ
am ;

which implies that

w1 x; tð Þ ¼ − 1 − hð Þ
h

þ w10 xð Þ þ 1 − hð Þ
h

� �
e−

ɛh 1−μ1ð Þ x−atð Þ
a : ð61Þ

For the trajectories in the phase plane ðX5;Y5Þ:, we consider per-
turbed manifold ðΩ3;ɛÞ: and using the same procedure as that
obtained for the trajectories for perturbed manifold ðΩ2;ɛÞ: we
have:

− aY5 − ɛm 1 − ɛ − μ1ð Þ hn1 þ 1 − hð ÞX5ð ÞXm−1
5 ¼ 0:

After using Equation (25), we have

− a Gm
5ð Þ0 − ɛm 1 − ɛ − μ1ð Þ hn1 þ 1 − hð ÞG5ð ÞGm−1

5 ¼ 0;

where ɛ2 → 0: After solving above equation, we have

G5 ζð Þ ¼ −hn1
1 − h

þ w20 xð Þ þ hn1
1 − h

� �
e−

ɛ 1−hð Þ 1−μ1ð Þζ
a ;

which implies that

w2 x; tð Þ ¼ −hn1
1 − h

þ w20 xð Þ þ hn1
1 − h

� �
e−

ɛ 1−hð Þ 1−μ1ð Þ x−atð Þ
a : ð62Þ

Now consider perturbed manifold ðΩ4;ɛÞ: and taking ɛ2 → 0, we
arrive at

− a Gm
4ð Þ0 −m 1 − μ1ð Þ hG4 þ 1 − hð Þμ1ð Þ½ �ɛGm−1

4 ¼ 0;
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After solving the above equation, and the solution in x and t
variables is as follows:

w1 x; tð Þ ¼ − 1 − hð Þμ1
h

þ w10 xð Þ þ 1 − hð Þμ1
h

� �
e
−ɛh 1−μ1ð Þ x−atð Þ

a :

ð63Þ

The perturbed manifold ðΩ5;ɛÞ : and taking ɛ2 → 0, we arrive at

− a Gm
5ð Þ0 −mɛ 1 − μ1ð Þ hn2 þ 1 − hð ÞG5ð ÞGm−1

5 ¼ 0;

which is similar to Equation (62). Therefore, the solution is as
follows:

w2 x; tð Þ ¼ −hn2
1 − h

þ w20 xð Þ þ hn2
1 − h

� �
e
−ɛ 1−hð Þ 1−μ1ð Þ x−atð Þ

a : ð64Þ

Consider perturbed manifold ðΩ6;ɛÞ : and arrive at

− a Gm
4ð Þ0 −m 1 − n3ð Þ n3 − μ1ð Þ hG4 þ 1 − hð Þn3ð ÞGm−1

4 ¼ 0;

After solving the above equation, and the solution in x and t
variables is as follows:

w1 x; tð Þ ¼ − 1 − hð Þn3
h

þ w10 xð Þ þ 1 − hð Þn3
h

� �
e−

h 1−n3ð Þ n3−μ1ð Þ x−atð Þ
a :

ð65Þ

From the perturbed manifold ðΩ7;ɛÞ:, we have

− a Gm
5ð Þ0 −mɛ 1 − μ1ð Þ hn2 þ 1 − hð ÞG5ð ÞGm−1

5 ¼ 0;

After solving the above equation, we get

w2 x; tð Þ ¼ −μ1 þ w20 xð Þ þ μ1ð Þe−hɛ x−atð Þ
a : ð66Þ

6 | Numerical Methodology

The governing equation is reduced to a first-order nonlinear ordi-
nary differential equation of the form

− a
dG4

dζ
−m 1 − μ1ð Þ hG4 þ 1 − hð Þð Þ½ �Gm−1

4 ¼ 0; ð67Þ

which can be rewritten as follows:

dG4

dζ
¼ −

m 1 − μ1ð Þ
a

  hG4 þ 1 − hð Þð Þ Gm−1
4 : ð68Þ

The problem is solved numerically using MATLAB’s built-in
solver ode45, which is based on an explicit adaptive Runge–Kutta
(4,5) method. The computation is carried out on the spatial
domain ζ2 ½0; 1� : with the initial condition

G4 0ð Þ ¼ w10 0ð Þ: ð69Þ

The solver does not use a fixed step size; instead, it employs an
adaptive step-size control strategy to ensure accuracy. Unless
otherwise specified, the default MATLAB tolerances are used:

RelTol¼ 10−3;   AbsTol¼ 10−6:

The numerical solution obtained from ode45 is evaluated on a
uniform grid

xi ¼ 0þ iΔx;  i¼ 0; 1;…;N;  Δx ¼ 1
N
;

using interpolation when necessary. The accuracy of the numeri-
cal solution is measured in the L1-norm defined as follows:

L1 ¼ ∑
N

i¼1
wexact xi; tð Þ − wode45 xi; tð Þj jΔx: ð70Þ

The solutions (61)–(66) show that the combustion decreases
smoothly and exponentially behind or away from the moving
flame front, and for large traveling-wave constant “a” then the
solutions tend to initial profile. In addition, the results for the
expressions (61)–(66) are depicted in Figures 1–5. From the
figures, the analytical solution demonstrates that the system
admits a unique, exponentially stable equilibrium solution. The
numerical solution obtained using ode45 confirms the theoretical
results with high accuracy. The L1-error is shown in the Table 1.
ode45 is an adaptive Runge–Kutta method of higher order. As the
mesh is refined (i.e., as N increases), the numerical error reduces
significantly, indicating improved accuracy and convergence of
the solution.

7 | Stability of Solutions

In this section, we assume that the solutions of the system (3) are
w1s þ δw1 and w2s þ δw2, where w1s and w2s are steady-state solu-
tions, and δw1 and δw1 are sufficiently small perturbed solutions.
The steady-state solutions for the system (3) satisfy the following
equations:

∂2wm
1s

∂x2
þ 1 − w2sð Þ w2s − μ1ð Þ hw1s þ 1 − hð Þw2sð Þ¼ 0

∂2wm
2s

∂x2
þ 1 − w2sð Þ w2 − μ1ð Þ hw1s þ 1 − hð Þw2sð Þ ¼ 0;

ð71Þ

where ε¼ 1:After solving the above system, we can obtainw1s and
w2s. Now substituting w1s þ δw1 and w2s þ δw2 into Equation (3)
and using Equation (71), we get

TABLE 1 | Comparison between exact and ode45 solutions with L1-

error.

N Exact solution ode45 solution L1-error

50 0.742381 0.740539 1:8421× 10−3

100 0.742381 0.741460 9:2114× 10−4

200 0.742381 0.741921 4:6038× 10−4

400 0.742381 0.742151 2:3011× 10−4

800 0.742381 0.742266 1:1502× 10−4

1600 0.742381 0.742323 5:7518× 10−5

Advances in Mathematical Physics, 2026 9 of 18
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∂δw1

∂t
¼ ∂2

∂x2
m w1sð Þm−1δw1ð Þ þ h 1 − w2sð Þ w2s − μ1ð Þδw1

þ hw1s þ 1 − hð Þw2sð Þ 1 − 2w2s þ μð Þ þ h 1 − w2sð Þ½ �δw2

∂δw2

∂t
¼ ∂2

∂x2
m w2sð Þm−1δw2ð Þ þ h 1 − w2sð Þ w2s − μ1ð Þδw1

þ hw1s þ 1 − hð Þw2sð Þ 1 − 2w2s þ μð Þ þ h 1 − w2sð Þ½ �δw2;

ð72Þ

where we neglect the higher-order terms as powers of δw1 and
δw2 as well as the product term δw1δw2. Taking the Fourier
transformation of the system (72) and considering that δcw1ðk;
tÞ: δcw2ðk; tÞ: and are the Fourier transformations of δw1ðx; tÞ : and
δw2ðx; tÞ :; we get

dδcw1

dt
¼ −mk2 w1sð Þm−1δcw1 þ h 1 − w2sð Þ w2s − μ1ð Þδcw1

þ hw1s þ 1 − hð Þw2sð Þ 1 − 2w2s þ μð Þ þ h 1 − w2sð Þ½ �δcw2

;

ð73Þ

dδcw2

dt
¼ −mk2 w2sð Þm−1δcw2 þ h 1 − w2sð Þ w2s − μ1ð Þδcw1

þ hw1s þ 1 − hð Þw2sð Þ 1 − 2w2s þ μð Þ þ h 1 − w2sð Þ½ �δcw2 :

ð74Þ

For simplification, we assume that A1 ¼ðw1sÞm−1, A2 ¼ hð1−w2sÞ
:ðw2s − μ1Þ:, A3 ¼ðhw1s þð1 − hÞw2sÞ:ð1− 2w2s þ μÞ: þ hð1−w2sÞ:

and A4 ¼ðw2sÞm−1, therefore, the Equations (73) and (74) become

dδcw1

dt
¼ −mA1k

2 þ A2ð Þδcw1 þ A3δcw2 ; ð75Þ

dδcw2

dt
¼ A2δcw1 þ −mA4k2 þ A2ð Þδcw2 : ð76Þ

The matrix form of Equations (73) and (74) is given as follows:

d
dt

δcw1

δcw2

 !
¼ −mA1k2 þ A2 A3

A2 −mA4k2 þ A3

 !
δcw1

δcw2

 !
;

ð77Þ

The characteristic equation is of the form

det
−mA1k2 þ A2 − λ A3

A2 −mA4k2 þ A3 − λ

 !
¼ 0; ð78Þ

which implies that

λ2 þ λ mA1k2 þmA4k2 − A2 − A3ð Þ
þm2A1A4k4 −mA1A3k2 −mA2A4k2 ¼ 0:

ð79Þ

After solving, the eigenvalues λ1 and λ2 are given as follows:

λ1 ¼ 1
2
− mA1k2 þmA4k2 − A2 − A3ð Þ½

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mA1k2 þmA2k2 − A2 − A3ð Þ2 − 4 m2A1A4k4 −mA1A3k2 −mA2A4k2ð Þ

p
�;

ð80Þ

and

λ2 ¼ 1
2
− mA1k2 þmA4k2 − A2 − A3ð Þ½

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mA1k2 þmA4k2 − A2 − A3ð Þ2 − 4 m2A1A4k4 −mA1A3k2 −mA2A4k2ð Þ

p
�:

ð81Þ

The eigenvectors corresponding to the eigenvalues are as follows:

−mA1k2 þmA4k2 − A2 þ A3 − A5

2A2
; 1

� �
; ð82Þ

and

−mA1k
2 þmA4k

2
− A2 þ A3 þ A5

2A2
; 1

� �
; ð83Þ

where

A5 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mA1k2 þmA4k2 − A2 − A3ð Þ2 − 4 m2A1A4k4 −mA1A3k2 −mA2A4k2ð Þ

p
: ð84Þ

After finding the eigenvalues and eigenvectors, we can write the
general solution as follows:

δcw1 k; tð Þ
δcw2 k; tð Þ

 !
¼ A6eλ1t

−mA1k2 þmA4k2 − A2 þ A3 − A5

2A2

1

0@ 1A
þ A7eλ2t

−mA1k2 þmA4k2 − A2 þ A3 þ A5

2A2

1

0@ 1A;

ð85Þ

where A6 and A7 can be obtained by using the initial conditions.
Since δcw1ðk; 0Þ: ¼ δbw10ðkÞ : and δbw2ðk; 0Þ : ¼ δbw20ðkÞ:, the following
assessment hold:

δbw10 kð Þ
δbw20 kð Þ

 !
¼ A6

−mA1k2 þmA4k2 − A2 þ A3 − A5

2A2

1

0@ 1A
þ A7

−mA1k2 þmA4k2 − A2 þ A3 þ A5

2A2

1

0@ 1A;

ð86Þ
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which implies that

A6 −mA1k
2 þmA4k

2
− A2 þ A3 − A5ð Þ

þ A7 −mA1k
2 þmA4k

2
− A2 þ A3 þ A5ð Þ ¼ 2A2δbw10 kð Þ;

ð87Þ

and

A6 þ A7 ¼ δbw20 kð Þ: ð88Þ

After solving Equations (87) and (88), we get

A6 ¼ −
2A2δbw10 kð Þ þ −mA1k2 þmA4k2 − A2 þ A3 − 3A5ð Þδbw20 kð Þ

2A5
; ð89Þ

and

A7 ¼
2A2δbw10 kð Þ − −mA1k2 þmA4k2 − A2 þ A3 − A5ð Þδbw20 kð Þ

2A5
: ð90Þ

From Equation (85), we have

δcw1 k; tð Þ ¼ A6
−mA1k2 þmA4k2 − A2 þ A3 − A5

2A2

� �
eλ1t

þ A7
−mA1k2 þmA4k2 − A2 þ A3 þ A5

2A2

� �
eλ2t;

ð91Þ

and

δcw2 k; tð Þ ¼ A6e
λ1t þ A7e

λ2t: ð92Þ

Now, for the solutions in the original physical variables ðx; tÞ:, we
shall apply the inverse Fourier transformation on Equations (90)
and (91) to get

δw1 k; tð Þ ¼ 1
2π

Z
R
A6

−mA1k2 þmA4k2 − A2 þ A3 − A5

2A2

� �
eλ1tþikxdk

þ 1
2π

Z
R
A7

−mA1k2 þmA4k2 − A2 þ A3 þ A5

2A2

� �
eλ2tþikxdk;

ð93Þ

and

δw2 k; tð Þ ¼ 1
2π

Z
R
A6e

λ1t þ A7e
λ2tð Þeikxdk; ð94Þ

where A1 ¼ðw1sÞm−1, A2 ¼ hð1−w2sÞ:ðw2s − μ1Þ:, A3 ¼ðhw1s þ
ð1 − hÞw2sÞ:ð1− 2w2s þ μÞ: þhð1−w2sÞ:, A4 ¼ðw2sÞm−1, λ1, λ2, A5,
A6, and A7 are given in Equations (80), (81), (84), (89) and (90)
respectively.

For the stability of the system, we consider the eigenvalues which
are given by Equations (80) and (81). If λ1 and λ2 are real eigen-
values then

Δ¼ mA1k2 þmA4k2 − A2 − A3ð Þ2
− 4 m2A1A4k

4
−mA1A3k

2
−mA2A4k

2ð Þ>0;

and the system is stable if mA1k2 þmA4k2 −A2 −A3>0 and
m2A1A4k4 −mA1A3k2 −mA2A4k2>0. If λ1 and λ2 are complex
eigenvalues then Δ<0 and the system is sable if mA1k

2 þ
mA4k2 −A2 −A3>0.

8 | Short-Time Asymptotic Expansion

We consider now the behavior of solutionsw1ðx; tÞ: andw2ðx; tÞ: for
small times for which we employ matched asymptotic expansions
and integral transform techniques. These methods will help to
analytically obtain the solution in both the inner (near the initial
condition) and outer (large-scale) regions. The goal is to capture
the flame front’s behavior during the early stages of the process.

At small times, the behavior near the initial condition typically
forms an initial layer. We seek an expansion in powers of tα,
where α is a parameter to be determined from the scaling analy-
sis. Let us propose the following expansions:

w1 x; tð Þ ¼ w10 xð Þ þ tαw11 xð Þ þ t2αw12 xð Þ þ⋯;

w2 x; tð Þ ¼ w20 xð Þ þ tαw21 xð Þ þ t2αw22 xð Þ þ⋯:

To determine the correct scaling of t, we perform a balance of
terms in the governing Equation (3). The diffusion terms contain
second-order spatial derivatives and must balance with the reac-
tion terms for small times. We begin by considering the dominant
terms in both diffusion and reaction components:

Advances in Mathematical Physics, 2026 11 of 18
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∂2wm
1

∂x2
∼ tα and G w1;w2ð Þ ∼ tα:

The reaction term Gðw1;w2Þ: behaves linearly for short times.
Assuming an initial condition that is spatially smooth, the second
derivative term scales as tα. Therefore, we balance diffusion and
reaction terms and choose α¼ 1, leading to:

w1 x; tð Þ ¼ w10 xð Þ þ tw11 xð Þ þ t2w12 xð Þ þ⋯;

w2 x; tð Þ ¼ w20 xð Þ þ tw21 xð Þ þ t2w22 xð Þ þ⋯:

Substituting these expansions into the original equations and
collecting terms of order t0, we recover the initial condition
w1ðx; 0Þ: ¼w10ðxÞ:;  w2ðx; 0Þ: ¼w20ðxÞ:: The first-order terms can
be obtained based on a Fourier transformation. We substitute
into the PDE system and obtain the following linear PDEs for
w11ðxÞ: and w21ðxÞ::

w11 ¼
∂2 wm

10

� �
∂x2

þ 1 − w20

À Á
w20 − μ1
À Á

w30 ;
ð95Þ

w21 ¼ ε
∂2 wm

20

� �
∂x2

þ 1 − w20

À Á
w20 − μ1
À Á

w30 ;
ð96Þ

wherew30 ¼hw10 þð1− hÞ:w20 . Now, the Fourier transform of the
first equation is as follows:

bw11 kð Þ ¼ −k2F wm
10

� �
þF 1 − w20

À Á
w20 − μ1
À Á

w30

À Á
: ð97Þ

Similarly, for the second equation, the Fourier transform
becomes:

bw21 kð Þ ¼ −εk2F wm
20

� �
þF 1 − w20

À Á
w20 − μ1
À Á

w30

À Á
: ð98Þ

After operating with particular initial data w10ðxÞ:;w20ðxÞ:; and
making the inverse Fourier transformation, we can recover the
original physical spatial variable.

Now, for large x or large t, we employ an outer expansion. Let
w1ðx; tÞ: and w2ðx; tÞ: admit the expansions:

w1 x; tð Þ ¼W10 x; tð Þ þ tβW11 x; tð Þ þ⋯;

w2 x; tð Þ ¼W20 x; tð Þ þ tβW21 x; tð Þ þ⋯;

where β is to be determined based on a scaling argument.

Now, using matched asymptotic expansions, we match the inner
and outer expansions in an intermediate regime. This ensures a
smooth transition between the small-time and large-time behav-
ior of the solution. Thematching condition is imposed by ensuring
that the leading-order terms in the inner and outer expansions
agree asymptotically as x →1 or t → 0. We are particularly inter-
ested in the behavior of the inner expansion in the limit as x →1
for each fixed t (i.e., far from the flame front). The goal is to find
the asymptotic behavior of the inner expansion as x →1.

We assume that for large x, the solution behaves like:

w1 x; tð Þ ∼ A1 þ
B1 tð Þ
xα

þ⋯;   x →1; ð99Þ

w2 x; tð Þ ∼ A2 þ
B2 tð Þ
xβ

þ⋯;  x →1; ð100Þ

where A1;A2 are constants, and B1ðtÞ:;B2ðtÞ: are functions of time.
The exponents α and β are determined by solving the leading-
order behavior of the governing equations as x →1.

The outer expansion describes the solution for large x or large t,
where the diffusion effects dominate over the reaction terms. We
assume that the outer solution takes the form of a series expan-
sion in powers of tγ , where γ is to be determined:

W1 x; tð Þ ¼W10 x; tð Þ þ tγW11 x; tð Þ þ t2γW12 x; tð Þ þ…;

W2 x; tð Þ ¼W20 x; tð Þ þ tγW21 x; tð Þ þ t2γW22 x; tð Þ þ…:

For large x, the diffusion terms become dominant, so we expect
the outer solution to satisfy a simpler, linearized version of the
original system. Assuming that the dominant behavior in this
regime is diffusive, we focus on the leading-order terms of the
system.

In the outer region (for large x and t), the behavior of the solution
must match the inner solution as x → 0 (or t → 0). Therefore, we
look for the asymptotic behavior of the outer solution as x → 0.
Typically, we assume that

W1 x; tð Þ ∼ C1 þ txδ þ⋯;  x → 0; ð101Þ

W2 x; tð Þ ∼ C2 þ txη þ⋯;   x → 0; ð102Þ

where C1;C2 are constants, and δ; η are determined by solving the
outer equations in the small-x limit.

Now, we make use of Van Dyke’s matching principle, which
states that the inner expansion as x →1 must match the outer
expansion as x → 0. Specifically, the terms in the inner expansion
in powers of x must match those in the outer expansion as x → 0.

From the inner expansion, we have the asymptotic behavior as
x →1 given in expressions (99) and (100). From the outer expan-
sion, we have the asymptotic behavior as x → 0, given in expres-
sions (101) and (102). We impose matching conditions by
equating the asymptotic behaviors of the inner and outer expan-
sions. This gives the following conditions:

1. The constant terms must match:

A1 ¼ C1;  A2 ¼ C2:

2. The powers of x must match, giving the relationships
between the exponents. We hence require the following
exponent:

α¼ −δ;

12 of 18 Advances in Mathematical Physics, 2026
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and this value will fix a relation between β and η as it will be
further described.

3. The coefficients of the next-order terms must also match:

B1 tð Þ ¼ t; B2 tð Þ ¼ t:

To refine the matching, we solve for the exponents α; β; δ; η by
performing a scaling analysis of the governing equations. This
involves balancing the dominant terms in the PDEs as x →1
(for the inner solution) and as x → 0 (for the outer solution).

We start by considering the leading-order diffusion terms in the
inner expansion:

∂2w1

∂x2
∼
B1 tð Þ
xαþ2 :

Balancing this term with the reaction terms gives a relationship
for α. Similarly, for the outer solution, we balance the diffusion
terms with the reaction terms as x → 0:

∂2W1

∂x2
∼

t

x2−δ
:

For the inner expansion, the leading-order diffusion term for
w1ðx; tÞ: in the governing PDE is given by ∂2wm

1
∂x2 ; then

∂2wm
1

∂x2
∼

∂2

∂x2
Am
1 þ B1 tð Þm

xαm

� �
:

Since the constant Am
1 term vanishes after differentiation, we

focus on the second term:

∂2wm
1

∂x2
∼

∂2

∂x2
B1 tð Þm
xαm

� �
¼ B1 tð Þm

xαmþ2 αmð Þ αmþ 1ð Þ:

Thus, the diffusion term scales as follows:

∂2wm
1

∂x2
∼
B1 tð Þmαm αmþ 1ð Þ

xαmþ2 :

Now, let us analyze the reaction term Gðw1;w2Þ:. For large x,
Gðw1;w2Þ: behaves as follows:

G w1;w2ð Þ ∼ 1 − w2ð Þ w2 − μ1ð Þw3:

Assuming w2ðx; tÞ : ∼ A2 þ B2ðtÞ
xβ

, we have:

w3 ¼ hw1 þ 1 − hð Þw2 ∼ hA1 þ 1 − hð ÞA2 þ
hB1 tð Þ
xα

þ 1 − hð ÞB2 tð Þ
xβ

:

Thus, the reaction term scales as follows:

G w1;w2ð Þ ∼ 1 − A2 −
B2 tð Þ
xβ

� �
A2 − μ1 þ

B2 tð Þ
xβ

� �
hA1 þ 1 − hð ÞA2 þ

hB1 tð Þ
xα

þ 1 − hð ÞB2 tð Þ
xβ

� �
:

We consider that the reaction term scales as follows:

G w1;w2ð Þ ∼ C1 tð Þ
xβþα ;

where C1ðtÞ: is a function of time that depends on the constants
A1;A2;B1ðtÞ:;B2ðtÞ:. In the inner region, we balance the diffusion
term 1

xαmþ2 with the reaction term 1
xβþα to obtain a relationship

between α and β. Thus, we require:

αmþ 2¼ β þ α;      α¼ β − 2
m − 1

:

This provides the first relation between the exponents α and β.
Now, consider the outer expansion for large x in Equation (101).
In the outer region, the dominant diffusion term for W1ðx; tÞ:

behaves similarly, and we assume the form:

W1 x; tð Þ ∼ C1 þ txδ þ⋯;  x → 0:

The second derivative of Wm
1 with respect to x is as follows:

∂2Wm
1

∂x2
∼

∂2

∂x2
Cm
1 þ tmxδmð Þ ¼ tm

∂2

∂x2
xδmð Þ ¼ tmδm δm − 1ð Þxδm−2:

Thus, the diffusion term scales as follows:

∂2Wm
1

∂x2
∼

tm

x2−δm
:

The reaction term GðW1;W2Þ: in the outer region scales similarly
to:

G W1;W2ð Þ ∼ C2 tð Þ
xηþδ ;

where η is another exponent in Equation (102). Hence, the fol-
lowing relation holds after balancing the diffusion and reaction
terms in the outer regime:

2 − δm¼ ηþ δ;     δ¼ 2 − η

mþ 1
:

Using Van Dyke’s matching principle, the exponents from the
inner and outer expansions must satisfy:

α¼ −δ:

Thus, we have the following relation between β and η:

β − 2
mþ 1

¼ η − 2
mþ 1

;

leading to β¼ η. From the matched-asymptotic derivation η is not
an exact value. The best value satisfies η≥ 0. If η<0 then the
curvature blows up, infinite diffusion flux and is physically unac-
ceptable. So we assume η¼ 2 because the diffusion controlled
outer region and ensures a smooth physical transition in the
outer region when x → 0, as expressed in Equation (102). Then,
we obtain δ¼ 0, which suggests that the outer solution grows as
x → 0, indicating that the flame front has a highly localized
behavior. Under this approach, the combustion is extremely
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rapid near the flame front, leading to a rapid change in the flame
pressure and temperature variables over a small region. Further-
more, we recall that the diffusion term for W2 and the reaction
term GðW1;W2Þ: scale differently. Selecting η¼ 2 allows the
exponents of these terms to satisfy the scaling relationship nec-
essary for the dominant balance between diffusion and reaction,
ensuring that neither term overwhelms the other. As a conse-
quence of the selected value of η, we have that β¼ 2 and α¼ 0.
We have then connected the inner (short-time) solution with the
outer (large-time or large-distance) solution for the flame propa-
gation model. By applying Van Dyke’s matching principle, we
ensure that the asymptotic behavior of the solutions is consistent
in both regimes.

9 | Conclusion

In this study, we developed a mathematical model to describe
flame propagation influenced by temperature and pressure using
the framework of nonlinear diffusion and porous structure the-
ory. The model is analyzed through several analytical techniques,
each contributing to a deeper understanding of flame dynamics.
First, the Hopf bifurcation analysis identified the equilibrium
points where the system’s solutions are asymptotically stable.
This provides a foundation for predicting the long-term behavior
of the flame under varying conditions. Second, we derived the
solution profiles using the traveling wave approach and geomet-
ric perturbation theory. These approaches allow us to capture the
behavior of the flame as it propagates through space and time.
Third, we demonstrated the existence of a finite speed of propa-
gation for the flame, ensuring that the model adheres to realistic
physical constraints. Fourth, we developed the numerical solu-
tion for perturbing the problem to validate our results. Finally, by
employing the method of matched asymptotic expansions, we
connected the short-time (inner) and large-time or large-distance
(outer) solutions. Through Van Dyke’s matching principle, we
ensured consistency between these regimes, providing a compre-
hensive view of the flame’s behavior across different time scales.

Overall, this work provided an analytical framework for under-
standing flame dynamics in a nonlinear diffusion context, taking
into account both short- and long-term behaviors. The conditions
for stability and propagation speed introduced practical informa-
tion into flame control and prediction. In future work, one can
extend this model to fourth-order partial differential equations.

Figure 6 shows that for Tn<0 and Dn>0, it follows that the real
parts of the eigenvalues remain negative for all admissible values
of n3, which ensures the stability of the system.

Figure 7 shows that for the particular values of Tn>0 and Dn>0
for n¼ 1 with n1 ≥ 0. The sum and product of the roots are given
by − ðTnÞ: and Dn, respectively. Hence, both eigenvalues possess
negative real parts. This implies that the system is asymptotically
stable for all admissible values of n1.

Figure 8 shows that for the particular case Tn<0 and Dn>0 for
n¼ 1, and taking

n2 ≤ μ1 −
μ1
h
þ n2mμm1
hl2 1 − μ1ð Þ ;

then, the real parts of both eigenvalues remain negative, ensuring
the asymptotic stability of the system.

Figures 1–5 show that the analytical and numerical solutions of
Section 5 are identical. The graph represents that the traveling
wave solutions for flame propagation in which the temperatures
w1ðxÞ: and w2ðxÞ: decrease from a high value to a low value as x
increases.

Figure 9 represents the variation of real parts of eigenvalues,
which are the function of k. The graph shows that for all values
k, the eigenvalues are negative and decrease exponentially.
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FIGURE 1 | Representation of solutions of Equation (61) for the case

t¼ 1, ɛ¼ 0:1, h¼ 0:5, μ1 ¼ 0:3, w10 ¼ 100, and a¼ 1.
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FIGURE 2 | Representation of solutions of Equation (62) for the case

t¼ 1, ɛ¼ 0:1, h¼ 0:5, μ1 ¼ 0:3, n1 ¼ 0:4, w20 ¼ 100, and a¼ 1.
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Further if k increases, then the eigenvalues become more nega-
tive, which shows that as the diffusion effects increase, the high
frequency perturbation (or short wavelength) rapidly decays.
Also near to k¼ 0, the eigenvalues are still negative but closed
to zero, which indicates the long-wavelength perturbations decay
slowly. So, the solution is stable.

Figures 10 and 11 represent the spatial profile of the perturba-
tions δw1 and δw2 at time t¼ 10. It is shown that in most of the
domain δw1 and δw2 are zero, and close to the boundaries of δw1

the small negative deviation appears while close to the bound-
aries of δw2 the small positive deviation appears, which shows
that the imposed disturbance does not have much effect. This
indicates that the solution is stable under a small disturbance.
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FIGURE 3 | Representation of solutions of Equation (63) for the case

t¼ 1, ɛ¼ 0:1, h¼ 0:5, μ1 ¼ 0:3, w10 ¼ 100, and a¼ 1.
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FIGURE 4 | Representation of solutions of Equation (65) for the case

t¼ 1, n3 ¼ 0:5, ɛ¼ 0:1, h¼ 0:5, μ1 ¼ 0:3, w10 ¼ 100, and a¼ 1.
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FIGURE 5 | Representation of solutions of Equation (66) for the case

t¼ 1, ɛ¼ 0:1, h¼ 0:5, μ1 ¼ 0:3, w20 ¼ 100, and a¼ 1.

–2 –1 0 1 2 3 4 5 6
–30

–25

–20

–15

–10

–5

0

5

n3

Re
al

 p
ar

t
Real parts of roots

λ1
λ2

FIGURE 6 | Representation of solutions of Equation (7) for the case

m¼ 2, l¼ 25, n¼ 1, h¼ 0:3, and μ1 ¼ 0:4.
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FIGURE 7 | Representation of solutions of Equation (13) for the case

m¼ 2, l¼ 3, n¼ 1, h¼ 0:3, and μ1 ¼ 0:4.
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FIGURE 8 | Representation of solutions of Equation (20) for the case

m¼ 2, l¼ 3, n¼ 1, h¼ 0:3, and μ1 ¼ 0:4.
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FIGURE 9 | Representation of solutions of Equations (80) and (81) for

the case m¼ 2, h¼ 0:3, μ1 ¼ 0:4, w1s ¼ 0:5, and w2s ¼ 0:6.
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FIGURE 10 | Representation of solutions of Equation (93) for the case

t¼ 10. m¼ 2, h¼ 0:3, μ1 ¼ 0:4, k¼ 1, w1s ¼ 0:9w2s ¼ 0:9, δbw10 ¼ 0:05, and

δbw20 ¼ 0:06.
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